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Abstract 

Given two conjugate mapping classes / and g, we produce a conjugating element uj such 
that |a;| < -K'(|/| + |5r|), where |-| denotes the word metric with respect to a fixed generating set, 
and K is a constant depending only on the generating set. As a consequence, the conjugacy 
problem for mapping class groups is exponentially bounded. 

1 Introduction 

Two fundamental problems in group theory posed by Dehn are the word problem and the conjugacy 
problem IDehllj . Given a group with a fixed presentation, the word problem asks if there is an 
algorithm that can decide in finite time if a given word is the identity. The conjugacy problem seeks 
an algorithm to decide if two words represent the same conjugacy class. Since the conjugacy class 
of the identity element is itself, the word problem can be seen as a special case of the conjugacy 
problem. Not all groups have solvable word problem |Boo59| . hence the same is true for the 
conjugacy problem. 

In this paper, we are interested in these problems for mapping class groups MCQ{S) of surfaces 
S of finite type. We establish the following: 

Theorem A. There is an exponential-time algorithm to solve the conjugacy problem for M.CQ{S). 

There is some history to the word and conjugacy problems for M.CQ{S). The first solution to 
the word problem can be attributed to Grossman, whose actual contribution is proving residual 
finiteness for M.CQ{S) |Gro75j . In |Mos95] . Mosher showed MCQ{S) admits an automatic struc- 
ture, from which a quadratic-time solution to the word problem is obtained. (See [ECH+92 for a 



background on automatic groups). It is not yet known if a sub-quadratic solution is possible. In 
|Hem79| . Hemion solved the conjugacy problem for MCQ{S), but his algorithm is not exponentially 
bounded. In |Mos86| . Mosher gave a faster algorithm for deciding conjugacy among pseudo-Anosov 
mapping classes. (A similar result was recently obtained by Agol in |AgolO| .) Using the work of 
Bestvina- Handel |BH95j . which gives an algorithm for detecting pseudo-Anosovs, Mosher extended 
his result to compute complete conjugacy invariants for all mapping classes jMos03| . 

Our strategy to Theorem lAl is to apply Mosher's automaticity result. In general, a solution 
to the word problem does not necessarily yield a solution to the conjugac y problem ; it is an open 
question whether all automatic groups have solvable conjugacy problem lECH+92 . A sufficient 



condition is if the group has linearly bounded conjugator (L.B.C.) property (see theorem below or 
Definition l2.2.ip . The main theorem of our paper is that L.B.C. property is satisfied by I^CQ{S). 

Theorem B (L.B.C. property for MCQ{S)). Let K be a finite generating set for AdCQ{S). There 
exists a constant K, depending only on A, such that if f,g G A4CG{S) are conjugate, then there is 
a conjugating element lo with 

H<K{\f\ + \g\). 
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To see how Theoreml^follows from Theorem[Bl we give an algorithm to the conjugacy problem. 
Given two arbitrary elements /,5 G MCg{S), let B be the baU of radius K{\f\ + \g\) in MCg{S). 
To decide if / and g are conjugate it suffices to check if w S B satisfies ujfuj~^g~^ = 1. We run 
Mosher's quadratic algorithm to the word problem to all words of the form Lufuj^^g^^ with lj £ B. 
The number of elements in B is an exponential function of the radius, therefore the complexity of 
this solution is an exponential function of the word lengths of / and g. 

Linearly-bounded conjugator property is satisfied by hyperbolic groups |Lys89[ Lemma 10], 
as well as by torsion elements in groups acting on CAT(O) spaces |BH99i IILl.lS]. These are 
important classes of groups which have solvable word and conjugacy problems |Gro87[ IBH99) . 
Hyperbolic groups in fact have efficient algorithms: the word problem is solvable in linear time, 
and the conjugacy problem in quadratic time [BH99'. As long as the surface S has disjoint isotopy 
classes of curves, A4CQ{S) is not hyperbolic, as Dchn twists about disjoint curves give rise to higher 
rank free abelian subgroups. It is also known that MCQ{S) does not act on any complete CAT(O) 
space |BH991 IL7.26]. Nevertheless, A4CQ{S) shares many properties with hyperbolic groups, and 
much of the pursuit in its study has been to understand to what extent it resembles and differs 
from hyperbolic groups. Establishing L.B.C. property for A4Cg{S) thus provides another positive 
analogy between AiCQ{S) and hyperbolic groups. 

After we announced our result, Hamenstadt in |Ham09] announced biautomaticity for AiCQ{S)^ 
which generalizes Mosher's automaticity result as well as obtains Theorem[Xl Another consequence 
of her work is the exponentially-bounded conjugator property for A4Cg{S). Notice, however, that 
this bound only gives a doubly-exponential solution to the conjugacy problem if we use the same 
algorithm as described below Theorem [B] since the search space for the conjugator would grow 
doubly-exponential in terms of the word lengths of the elements. 

1.1 Idea of the proof of Theorem [B] 

The proof of Theorem [Bl is broken up into three arguments, following the classification of mapping 
classes into pseudo-Anosov, reducible, and finite order. The case of pseudo-Anosovs was settled 
by Masur-Minsky in }MM00j . using the machinery of hierarchies developed in the same paper. 
This paper resolves the other two cases. Surprisingly, it turns out that the most delicate case 
involves the finite order elements of A4CQ{S). In many ways, pseudo-Anosov mapping classes can 
be viewed as the "hyperbolic" elements of AiCQ{S), whereas the finite order mapping classes are 
the "elliptic" ones. The methods that Masur and Minsky developed are suited for elements that 
behave more hyperbolically, and thus are not effective for finite order mapping classes. Our main 
contribution is the development of new tools for the study of finite order mapping classes. Just 
as in the case of pseudo-Anosov mapping classes, we rely heavily on the machinery of hierarchies, 
which we need to extend so it is more suited to deal with the elliptic geometry. 

We briefiy explain how hierarchies are related to words in A4CQ{S). A natural model space for 
A4CQ{S) is the marking graph Mark(iS) oiS. A marking /io G Mark(iS) is a collection of curves on 
iS satisfying certain technical conditions. Given an element / G A4CQ{S), the image of fj,o under / 
determines / up to finitely many choices. Paths from /ig to //io sue naturally associated to words 
representing /. Even though Mark(5) (or any other model space) is not hyperbolic or CAT(O), 
there is a coarsely well-defined projection map Mark(4S) to an infinite product of hyperbolic spaces. 
These hyperbolic spaces are the curve complexes of essential subsurfaces (including annuli) of S 
}MM99j . The projection of /io and //io to each curve complex gives rise a family of paths in 
curve complexes. Hierarchies organize these paths to become preferred quasi-geodesics in Mark(iS) 
[MMOOj . 

The hyperbolic geometry of pseudo-Anosovs are exhibited in the fact that they act hyperbol- 
ically (with north-south dynamics) on curve complexes |MM99| IMMOO] . This is analogous to the 
way how the infinite order elements of a hyperbolic group act on the Cayley graph of the group. 
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Hierarchies are used to build quasi-axes in curve complexes for the action of pseudo-Anosovs. 
Then, Masur and Minsky proved a fellow-traveling type property for hierarchies which can be 
applied to fellow-traveling quasi-axes. This allowed them to extend the proof of L.B.C. property 
from infinite-order elements of hyperbolic groups to pseudo-Anosovs jMMOOi Theorem 7.2]. 

The appropriate analogy for finite order mapping classes are the torsion elements of a group 
G that acts on a CAT(O) (or hyperbolic) space X. We are inspired by the argument contained in 
[BH99] on L.B.C. property for torsion elements of G which we will briefly sketch. In our definition, 
an element g € G acts elliptically on X if it satisfies two conditions. First, g acts on X with 
(coarse) fixed points. Second, every orbit of g has a center of mass whose distance to the orbit is 
comparable to the word length of g. Since X is CAT(O) (or hyperbolic), g is torsion implies g is 
elliptic. After conjugating by an appropriate element, the center of mass can be moved into a fixed 
ball containing the fundamental domain for the action of G on X. The set of torsion elements of G 
having fixed points inside the ball is finite and contains a representative for each conjugacy class. 
From here, one can reduce L.B.C. property in the elliptic case to a finite set. 

We want to show finite order mapping classes act elliptically on Mark(iS). Since curve complexes 
are hyperbolic, the action of a finite order element / £ J\ACQ{S) is elliptic on the curve complex 
C{Z) of Z, for any essential subsurface Z C 5. Let ttz '■ Mark(iS) — ?• C{Z) be the projection map. 
The orbit of /xp G Mark(iS) under / maps uniformly close to the orbit of T^zil^o) under / in C{Z). 
Philosophically, what we want is a marking /i G Mark(iS) such that, for all Z, TTzifJ-) lies uniformly 
close to the center of mass of the orbit of fizifJ-a)- If such a fi exists, then by the distance formula 
fTheorem l2.6.5p . /i is a coarse fixed point of / in Mark(iS) with uniform coarse constant. However, 
knowing that T^zifJ-) is close to the center of mass in each C{Z) is not enough to guarantee the 
second condition of elliptic action for / on Mark(iS). We have to know the exact projection of 
fi to S and to families of subsurfaces of S which are pairwise disjoint. (This is the reason we 
do not approach this problem using the Consistency theorem of [BKMMOG] .) Our approach is a 
balance act between finding a marking which is close enough to the orbit to satisfy the second 
condition while controlling the coarse constant so that the marking satisfies the first condition for 
some constant. Our method is constructive and utilizes the symmetry of the action of / on S. We 
prove 

Theorem C. Finite order mapping classes elliptically act on Mark(iS). More precisely, given 
fiQ £ AiCQ{S). There exists a constant k depending only on fiQ such that, for any finite order 
element f G A4CG{S), there exists a marking fi G Mark(iS) coarsely fixed by f by a uniform 
constant satisfying 

rfMark(<S)(A'0,Ai) < 

Corollary D. There exist a constant K , depending only on S , and a finite set of elements S C 
M.CQ{S) such that if f £ M.CQ{S) has finite order, then there exists uj G MCQ{S) such that 
ujfuj~^ G S and \uj\ < K\f\. 

For reducible mapping classes, we combine the two arguments above. If / is a reducible 
mapping class of infinite order, then up to taking powers the surface S can be decomposed into a 
collection of subsurfaces on which / is either pseudo-Anosov or has finite order. In order to apply 
induction to subsurfaces, we need to built paths from /xq to ffiQ in Mark(iS) that move only in 
the complementary subsurfaces of the reducing system of /. This is possible if the initial marking 
fiQ contains the reducing system of /. However, one marking cannot contain all possible reducing 
systems, even up to conjugation. But it suffices to reduce to a finite problem. We prove 

Theorem E. There exist a constant K and a finite set of markings Ai so that if f £ AiCQ{S) is 
reducible, then there exists uj G AiCQiS) such that the reducing system o/w/w"^ is contained in 
some fi £ A4 and \uj\ < K\f\. 

Finally, each case in the classification will produce a different constant. The proof of L.B.C. prop- 
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erty for A4CQ{S) will be complete by taking a maximum over the three constants. 
The organization of the paper is as follows. 

• In ij2l we review basic definitions and the theory of hierarchies. A key notion that we will 
introduce is the notion of separating markings in ij2.9l 

• In we give a couple of definitions and prove two technical lemmas about finite order 
mapping classes which will be useful for the next section. We also construct an example 
which motivates this section and the next section. 

• In 121 we prove Theorem [Cl and derive L.B.C. property for finite order mapping classes. 

• In ijni we prove Theorem |E] and use the known results for pseudo-Anosov and finite order 
elements to derive L.B.C. property for infinite order reducible mapping classes. 

1.2 Acknowledgments 

The author would like to thank her thesis advisor, Howard Masur, for his excellent guidance and 
for suggesting the problem. She would also like to thank Kasra Rafi for helpful conversations 
throughout this project, and also Benson Farb, Daniel Groves, and Chris Leininger for helpful 
suggestions and their interest in this work. 

2 Preliminaries 

In this section, we develop the background material for the paper. Our main tool will be Masur and 
Minsky's theory of hierarchies. From W2.Q\ to H2.81 we will summarize the properties of hierarchies 
that will be needed for this paper. Some of the definitions will be merely sketched and most of the 
proofs will be omitted. We refer the reader to Masur-Minsky's paper [MMOO] for more details. We 
also refer to jFLP79] and |FM08) for general references on mapping class groups and the topology 
of surfaces, and to |Gro87) and |BH99) for references on J-hyperbolic spaces. 

2.1 Arcs, curves and surfaces 

Let S — Sg^p be a connected, oriented surface of genus g with p punctures. We call ^(5) — 3g — 3+p 
the complexity of S. Surfaces of complexity strictly greater than 1 are called generic surfaces. 
Surfaces of complexity 1 are called sporadic and they are topologically either the four-holed sphere 
or one-holed torus. Two remaining low-complexity cases are exceptional surfaces. Complexity 
is the three-holed sphere or a pair of pants, and complexity —1 is topologically an annulus. 
Throughout this paper we will be working with a generic surface S without boundary. But sporadic 
and exceptional surfaces and surfaces with boundary naturally arise as subsurfaces of 5, and thus 
are important for induction arguments. 

An essential curve or just a curve on S will always mean the free isotopy class of a simple 
closed curve, which is not nuU-homotopic or homotopic to a puncture or a boundary component. 
The geometric intersection number i{a,l3) of a pair of curves a and /? is the minimal number 
of intersections among representatives of a and /3. A multicurve or a curve system will mean a 
finite collection of distinct curves which can be realized disjointly. A pants decomposition of S is 
a maximal curve system c on S. In particular, each component of 5 \ c is topologically a pair 
of pants. Note that a pants decomposition exists for S if only if ^(iS) > 1, in which case the 
cardinality of c is equal to ^(iS). To talk about arcs we need S to have boundary. An arc will be 
an isotopy class of a simple arc 5, with isotopies relative to the boundary, such that 5 has both 
endpoints on dS and is not isotopic to a boundary component. The geometric intersection number 
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between two arcs will be the number of intersections in the interior of S modulo isotopies relative 
to the boundary of S. 

A subsurface K of 5 is an isotopy class of a connected and open subsurface Y C S such that 
dY are essential curves. We include the possibility that Y = S unless we say a proper subsurface. 
An annular subsurface A of S is a, regular neighborhood of a curve a with simple boundaries. We 
will often abuse terminology by confusing A with its core curve a, and refer to a as a subsurface of 
S as well. In this case, we will let dA — a. For reasons we shall see, we will distinguish subsurfaces 
which are not pants, called essential subsurfaces or domains. 

To do away with isotopy classes, we endow S with a hyperbolic metric, so any curve a has a 
unique geodesic representative a*, and i{a,f3) = i{a*,(3*). Each curve system can be assumed to 
consist of geodesic representatives. Similarly, each non-annular subsurface of S also has a unique 
representative. 

2.2 Mapping class groups 

Let Homeo^(iS) be the group of orientation-preserving self-homeomorphisms of S. The mapping 
class group of S is 

MCGiS) = Homeo+(5)/ ~ 

where / ~ g if and only if g^^ o / is isotopic to the identity on S. Elements of AiCQ{S) are called 
mapping classes. It is well-known that A4CQ{S) is finitely generated (and finitely presented) 
[Lic64) . For this paper, we will fix a finite generating set A of A4CQ{S). We will often regard 
AiCGiS) as a metric space by considering the word metric | • | = | • U induced by A. 

If 5 is a once- punctured torus or four-times punctured sphere, then M.CG{S) is commensu- 
rable to SL(2,Z). The mapping class group of a thrice-punctured sphere is finite. For us, an 
annulus A will always appear as a regular neighborhood of a simple closed curve on an ambient 
surface, so A has two boundary components. Let AiCQ{A, dA) be the group of isotopy classes of 
homeomorphisms of A relative to dA. One checks that A4CQ{A, dA) ~ Z. 

Definition 2.2.1 (L.B.C. property). Given a finitely generated group G equipped with a finite 
generating set A, we say a conjugacy class c of G has linearly bounded conjugators if for any f,g^c, 
there exists a conjugating element uj £ G such that 

\u\<K,{\f\ + \g\), 

where | • | represent the word length in A, and depends only on c and A. li K — can be 
taken to be independent of the conjugacy class c, then we say G has linearly bounded conjugator 
property or L.B.C. property. If G has L.B.C. property for A, then changing A to any other finite 
generating set changes K by a bounded amount. Therefore, the definition is independent of the 
choice of the generating set, so A can always be taken to be a symmetric generating set. 

Mapping class groups of non-generic surfaces satisfy L.B.C. property. We would like to show 
the same is true for mapping class groups of generic surfaces. The first observation is that the 
Nielsen- Thurston classification of mapping classes is a conjugacy invariant. This means that we 
can argue for L.B.C. property separately for each type. We refer to [Thu88) and [FMOS) §13] for 
more details on the classification theorem. Recall that a mapping class / is called irreducible if 
/ does not fix any multicurve (setwise); otherwise / is called reducible. The following statement 
applies to all surfaces S. 

Theorem 2.2.2 (Nielsen-Thurston classification for A4CQ{S)). Every element f E J^CG{S) is 
either pseudo-Anosov, periodic (finite order), or reducible. Furthermore, for each f G M.CG{S), 
let <j be a (possibly empty) multicurve fixed by f . Let Yi, . . . ,Yk be the connected components of 
S \a, and for each i, choose the smallest Ui E N so that /"'(K^) = Yi. Then for any i, /"'If; 
either has finite order or is pseudo-Anosov. 
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The set of curves a satisfying Theorem 12.2.21 / is called a reducing system for /. For each 
Yi G S \ a, the map is called the first return map of f to Yi. Note that the first return map of 
/ to Yi means exactly that /"*|yi can be viewed as an element of J^CG{Yi). The content of the 
classification can be rephrased to say / is pseudo-Anosov if and only if / is irreducible of infinite 
order. 

Definition 2.2.3 (Canonical reducing systems). By choosing cr to be a minimal collection of 
curves satisfying Theorem I2.2.2[ then a = <jf is unique up to isotopy and is called the canonical 
reducing system for /. If / G ^ACQ{S) is either pseudo-Anosov or finite order, then af = 0. (See 
[MosOTQ . 

In [MMOOi §7], Masur-Minsky proved L.B.C. property for the pseudo-Anosov elements of 
MCg[S). 

Theorem 2.2.4 (L.B.C. property for pseudo-Anosov mapping classes). There exists a constant K, 
depending only on S, such that if f,g G A4Cg{S) are conjugate pseudo-Anosov mapping classes, 
then there is a conjugating element lo G AiCQ{S) with 

\u\<K{\f\ + \g\). 

Our goal in this paper is to prove L.B.C. property for the finite order and reducible elements 
of AACQ{S). The argument for finite order mapping classes is the hard part of this paper. The 
argument for reducible mapping classes is inductive and will make use of the canonical reducing 
system. 

2.3 Complexes of curves 

The complex of curves C{S) on a surface 5 is a locally-infinite, finite dimensional simplicial complex 
on which MCQ{S) acts by automorphisms. The definition first appeared in jHarSlj . We treat 
generic, sporadic, and exceptional surfaces separately. 

• Generic surfaces. Suppose S has ^{S) > 1. The fc-th skeleton Ck{S) consists of all curve 
systems on <S of cardinality k + 1. There is an obvious inclusion of Ck-i{S) ^ Cfc(s) by 
face relations. Top dimensional simplices of C{S) correspond to pants decompositions on S, 
hence dim(C(5)) = ^(5) - 1. 

• Sporadic surfaces. With the above definition, the curve complex of a sporadic surface S 
would be a disconnected set of points. To construct a more useful object, we modify the 
definition to allow two vertices in C{S) span an edge if they intersect minimally over S (once 
for one-holed torus and twice for four-holed sphere). It is a classical theorem that with this 
definition C{S) is isomorphic to the Farey graph |HT80[ lMin96| . 

• Pants. A pair of pants has no essential curves. Here we do not modify the definition and 
let the curve complex of pants be empty. This is the reason why we want to exclude pants 
from essential subsurfaces. 

• Annuli. An arbitrary annulus has no essential curves. But for us, an annulus A will always 
appear as a regular neighborhood of a curve 7 in a larger surface, and we would like C{A) (or 
C{"f)) to record twist information about 7. Vertices ofC{A) will be properly embedded arcs 
and two arcs are connected by an edge if they can be isotoped rel endpoints to have disjoint 
interiors. 

By an element or subset of C{S) we will always mean an element or subset of Co{S). We 
make C{S) into a complete geodesic metric space by endowing each simplex with an Euclidean 
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structure with edge lengths 1. From the perspective of coarse geometry, we do not lose anything 
by identifying C{S) with its 1-skeleton. We denote by dc{S), or more simply by dg, the shortest 
distance in Ci{S) between two vertices. If A is an annulus with a core curve 7, we will also use 
the notation or to denote distances in C{A). Induction on intersection number can be used 
to show C{S) is connected, and ds{a,l3) < i{a,(3). The simplicial action of MCQ{S) on C{S) 
preserves this metric. The action is not proper. The quotient C{S) / M.CQ{S) parametrizes curves 
on S up to homeomorphisms, hence it is finite. 

For a generic surface 5, ds coarsely measures the complexity between two curves in the following 
sense: ds{oL, j3) — 1 ii and only if a and /3 are disjoint; ds{a, /3) = 2 if and only if a and /3 cohabit 
a proper subsurface Y G S] ds{a,f3) > 3 if and only a and /3 fill S, or the complement of their 
union in S does not support any essential curve. 

Paths in curve complexes are not unique. The following theorem in f MM99j gives us some 
geometric control over paths. 

Theorem 2.3.1 ([MM99]). For any surface S which is not a pair of pants, C{S) has infinite 
diameter and is S -hyperbolic. 

For sporadic surfaces, Theorem 12.3.11 follows from a classical result that the Farey graph is 
quasi-isometric to an infinite- valence tree (see |Man05] ). In the case of an annulus, Theorem l2.3.1l 
follows from the easy fact that C{A) is quasi-isometric to Z. 

For generic surfaces, there are several ways to see that C{S) has infinite diameter. Relevant to 
our paper is the following lemma. 

Lemma 2.3.2 ( jMM991 Proposition 4.6]). There exists k = k{S) such that for any pseudo-Anosov 
f G A4CQ{S), any vertex v G C{S), and any n G 



The proof of (5-hyperbolicity oi C{S) for a generic S is nontrivial. We also refer to |Bow06) for 
an alternate proof. 

2.4 Subsurface projections 

In this section, we restrict our discussion to domains of an ambient surface S with ^(5) > 1. 
Given two domains Y and Z of S, let Y D Z represent essential intersections between Y and Z. 
Intersection with an annular subsurface will be with respect to its core curve. Two domains Y 
and Z are disjoint \iY Ci Z = nested if y n Z is either Y or Z\ and interlock if they are neither 
disjoint or nested. Note that in our definition it is always true that Y n dY = 0. 
Let Y C S he a proper domain. There is a map 



taking an element of C{S) to a subset oiC{Y) of bounded diameter. We call Try (a) the projection 
of a to Y. Note that in the definition below, the projection map also makes sense if we replace S 
by any subsurface Z which contains y as a proper subsurface. 

We first define the projection to a non-annular domain Y. If a n y = 0, then Try (a) ~ 0. If 
a nY — a, then Try (a) — {a}. In all other cases, aDY consist of a collection of arcs in Y. The 
endpoints of each 6 G anF lie on one or two components of dY. Let iV be a regular neighborhood 
of the union of S with its corresponding component(s) in dY. N has either one or two components, 
at least one of which is essential in Y. Let Try ((5) be the set of essential boundary component (s) of 
N. We let 



ds{v,r{v))>k\n\. 



7TY:C{S)^r{C{Y)), 




S&anY 
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Now suppose Y is an annulus with core curve 7. There is a unique cyclic cover of S 

p:Y 

to which Y hfts homeomorphicahy. Since S admits a hyperbohc metric, this cover has a natural 
compactification, also denote by Y. We will define C{Y) — C{Y). For any curve a in S, components 
of p^^{a) that are essential arcs form a subset in C{Y). We will let Try (a) be this corresponding 
set in C{Y). 

We would like to measure the complexity between curves or curve systems relative to a sub- 
surface. Let diamY(-) be the diameter of subsets in C{Y). For any two subsets A, B C C{Y), we 
define 

driA, B) = diamY(A U B). 
Given a pair of curves a, /3 £ C{S), we will define their distance in Y to be 

dyia^jS) = dY(7ry(Q!),7ry(^)). 

For any multicurve cr, one can also project a to CiY) in the obvious way: Try (cr) = Uago-TTy (a). 
The distance dy [cr, r) is similarly defined. The follow result asserts that subsurface projections are 
coarsely well-defined and Lipschitz. 

Lemma 2.4.1 ^ jMMOOl Lemma 2.3]). For any multicurve a on S and any domain Y C S, if 
TTy{(T) ^ 0, then diamy (7ry(cr)) < 2. Thus, for any pair of simplices a and /3 in C{S), 

dy{a,T) <2ds{cT,T). 

Suppose Y and Z are subsurfaces of S satisfying Y d Z. Then the maps ny and ny o ttz are 
coarsely equal as maps from C{S) — > P{C{Y)). 

Lemma 2.4.2 f [BKMM06i Lemma 2.12]). There exists a constant M depending only on S such 
that for any multicurve a , 

diamy (7ry(cr),7ry o 712(0-)) < M. 

Furthermore, we have the following contraction property for the projection map from [MMOOI 
Theorem 3.1]. 

Theorem 2.4.3 (Bounded geodesic image). There exists a constant Mq depending only on S such 
that the following holds. Suppose Y C S is a proper essential subsurface, and g is a geodesic in 
C{S) such that 7ry(u) ^ for every vertex v ^ g. Then 

diamy((7) < Mq. 

We say g cuts Y if Try (w) ^ for every vertex v € g, and g misses Y otherwise. If ds{g, BY) > 2 
then g cuts Y. On the other hand, by Theorem 12.4.31 ii u,v G C{S) has dy{u, v) > Mq, then any 
geodesic g in C{S) between u and v misses Y. 

2.5 Marking graph 

Another useful combinatorial object which admits an action by A4CG{S) is the marking graph 
Mark(5) of S. Roughly, a marking /i on 5 is a multicurve c on 5 with additionally a set of 
transverse curves which serve to record twisting data about each curve in c. Below, we give a 
precise definition that works for any surface S with ^(iS) > 1. 

A marking on 5 is a set of ordered pairs {(a^, ti)}, where the base curves base{^) = {a^} is a 
multicurve on S, and each transversal ti is either empty or is a diameter- 1 set of vertices in C(aj). 
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The set of transversals {t,} is denoted by trans(/i). A transversal t in the pair (a, t) is called clean 
if t = TTail^), where /3 is a curve on S such that a and (3 are Farey-neighbors in the subsurface 
that they fill. A marking fj, is clean if every non-empty transversal t is clean, and the curve /3 
inducing t does not intersect any other base curve other than a. A marking fi is called complete 
if hase(fi) is a pants decomposition of S and no transversal is empty. If fj, is complete and clean, 
then a transversal t determines uniquely the curve /3 such that t = naiP). If /i is not clean then 
there is bounded number ways of picking a compatible clean marking /z', in the following sense: 

Lemma 2.5.1 f [MMOO[ Lemma 2.4]). There exists a constant M depending only on S satisfying 
the following. For any complete marking fi on S. There exists a uniformly bounded number of 
complete clean markings /i' such that base(/x) = base(/i'), and da{t,t') < M for any (a,i) G and 
{a,t')(.ii'. 

Definition 2.5.2 (Marking graph). The marking graph Mark(5) is the graph with vertices repre- 
senting complete clean markings on S. Two vertices /i = {(a^, tTq^ (/3i))} and /i' = {{a[, it {I3[))} 
are connected by an edge if they differ by one of the following elementary moves: 

• Twist: For some i, is obtained from /? by a twist or half- twist along ai. All base curves 
and other transversals of /i and /i' agree. 

• Flip: Let /i" be the (unclean) marking obtained from /i by flipping (ai, i^on (ft)) to (ft, tt^^ (««))) 
for some i. Let ft be the curve intersecting ft. The marking \J is a clean marking compatible 
with /i" replacing ft . 

We equip Mark(5) with the combinatorial edge metric, denoted by du — '^Mark(5)- Like C(5), 
Mark(5) is connected and admits an action of ^ACQ{S) by isometrics. But unlike C(5), Mark(iS) 
is locally finite and the action of MCQ{S) is proper. The quotient Mark(5)/A^CC/(5) is also finite, 
since there are only finitely many complete clean markings up to homeomorphisms of S [MMOOj . 
Thus, a standard application of Svarc-Milnor implies the orbit map MCQ{S) Mark(5) is an 
quasi-isometry. 

Definition 2.5.3 (Projection of markings). Let y C 5 be essential and let /i e Mark(5). We can 
project /i to y, also denoted by 7rY(/i), in the following way. Namely, if Y is not a curve in base(/i), 
then -ky^^i) — Try (base(/i)). If y = a G base(/i), then we define 'Ky([i) — t. Note that, since /i is a 
complete marking, the projection map is always non-empty. Since base(/x) is a diameter-1 set in 
C(iS), in light of Lemma [2.4. II the projection map is Lipschitz: 

Lemma 2.5.4 ( |MM001 Lemma 2.5]). For any /i, G Mark(iS) and any domain y C 5, 

dYit^,v) < AdM{n,v). 

If c is a multicurve and a marking such that c C base(^), then we say /i is an extension of c. 
We will often start with a multicurve c and extend it to a marking /i. This amounts to choosing a 
marking on all the essential non-annular components of 5 \ c and choosing a transversal for each 
curve a G c. There are many ways to extend a marking in general, but most often we will need 
the marking fx to satisfy certain desired properties so those choices will be bounded. 

Definition 2.5.5 (Induced Marking). Let y C 5 be an non-annular domain. We define a map 

Hy : Mark(5) ^ Mark(y). 

For each marking ^ on 5, choose a pants decomposition & of y such that b has minimal intersection 
with 7ry(/i). We extend 6 to a marking v — ny(^) on Y as follows. For each curve a £b, choose 
transversal t^ in Y such that (i^, trans(/i)) is minimal. The marking v — {{a, to) : a G 5} will 



9 



be called an induced marking of /i on Y , and it is well-defined up to a bounded number of choices. 
It follows from Lemma l2.4.2l and Lemma 12.5.41 that for any marking fi and any non-annular domain 



where Z cY and M depends only on S. 

Definition 2.5.6 (Relative marking extension). Let /i e Mark(iS) and c be a multicurve on S. 
We extend c to a marking fi' G Mark(iS) relative to /i as follows. For each essential non-annular 
subsurface Y £ S \ c, choose an induced marking TlyifJ-) on Y. Then for each curve a G c, choose 
a transversal which has minimal ^0,(^0,, trans(/i)). The union of {(a,ta) : a G c} with the set 
of induced markings ny(/i) forms a marking /i' G Mark(iS) which is well-defined up to a bounded 
number of choices. 

The following is an immediate consequence of our construction. The point is, except for the 
possibility that c and base(/i) are far in C{S), fj, and /i' look about the same. 

Lemma 2.5.7. Let c be a multicurve on S, fi any marking, and fi' an extension of c relative to 
IJ. For any subsurface Z ^ S, if dZ is disjoint from c, or if Z is a curve in c, then 



where M depends only on S. 
2.6 Hierarchies 

In the previous section, we introduced the marking graph Mark(iS) which is quasi-isometric to 
MCQ{S). In this section, we will introduce the theory of hierarchies, which is useful for constructing 
efficient paths in Mark(iS). These paths are naturally associated to efficient representations of 
elements in AiCQ{S) in terms of the generators, thus justifying Mark(iS) as a good combinatorial 
model for MCg{S). 

The idea of hierarchies is to associate to every pair of markings a family of geodesies in curve 
complexes which behave well with subsurface projections. In order for the theory to work, we need 
to impose a condition on geodesies in curve complexes called tightness. Let y C 5 be a domain. 
A tight geodesic g in C{Y) is a sequence {vq, . . . , w„} of simplices in C{Y), such that any sequence 
of vertices in 5 is a geodesic in C{Y) in the usual sense, and Vi-i U Vi+i fill a subsurface Z C Y 
such that dZ = Vi. We remark that the original definition [MMOOl Definition 4.2] consists of more 
information. It is a theorem of Masur-Minsky that any two points in C{Y) is connected by at least 
one and at most finitely many tight geodesies [MMOOl Lemma 4.5 and Corollary 6.14]. Henceforth, 
a geodesic in a curve complex will always mean a tight geodesic. By an abuse of notation, we will 
refer to Vi's as vertices of g. We will say the length of g is n, and write \g\ = n. We will say Y is 
the domain or support of and write D{g) = Y. We will sometimes use the notation [t'oji'n] to 
mean any geodesic from vq to w„ in C{Y). Since C{Y) is (5-hyperbohc, all (finitely many) geodesies 
from vo to w„ are fellow-travelers. 

A hierarchy on 5 is a collection H of geodesies such that each geodesic g & H is supported on 
some domain Y C S, with a distinguished main geodesic gu = [vo,Vn] supported on S. Addition- 
ally, H comes equipped with a pair of markings I{H) and T{H) on <S, called the initial marking 
and the terminal marking of H, respectively, such that vq C base(/(ff)) and ti„ C hase{T{H)). 
The length of H is \H\ = J^heH \^\- ^^^^ usually assume I{H) and T{H) are complete clean 
marking on S. To be a hierarchy, the geodesies in H must satisfy certain technical conditions called 
subordinacy. Roughly, given a geodesic g in C(5), one can inductively construct a hierarchy H 
with g — gn. For each vertex Vi in gn, the vertices w^-i to Vi+i are contained in some component 
Z S\ Vi. The geodesic h — [vi-i,Vi+i] in C{Z) wiU be an element of H and is subordinate to 




(1) 
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gn- One can continue with this process with all vertices of gn and with h and so on. See |MMOOI 
Definition 4.4] for a precise definition of hierarchies. We list some properties of hierarchies below, 
after the following definition. 

Definition 2.6.1. Given a non-annular domain Y (Z S, and a simplex v 6 C{Y), we say Z is a 
component domain of {Y, v) if Z is a component of Y \ v which is not a pair of pants or if Z is a 
curve in v. 

Theorem 2.6.2. The following statements hold for hierarchies. 

1 (Existence) Given any markings fi and v on S, there exists a hierarchy H with I{H) — fi 
and T{H) = v \MMO(A Theorem 4.6]. 

2 (Uniqueness of geodesies) For any hierarchy H , if h, h' ^ H have D{h) = D{h'), then h = h' 
\MMOCI[ Theorem 4.7]. 

3 ( Completeness ) For every pair, h ^ H and a vertex v € h, if Y is a component domain of 
{D{h),v), then Y is domain for a geodesic k ^ H 'MMOOt Theorem 4-20]. 

We will sometimes denote an hierarchy from /i to ;/ by H(fi, i/). The following lemma explains 
the relationship between a geodesic h G H and the projection of I{H) and T{H) to D{h). 

Lemma 2.6.3 ( |MMOO [ Lemma 6.2]). There exist constants Mi > M2, depending only onS, such 
that if H is any hierarchy in S and 

dY{l{H),T{H)) >M2 

for a subsurface Y in S, then Y is a domain for a geodesic h G H . 

Conversely, if h H is any geodesic with Y — D{h), then dY{l{F[),T{H)^ and h are fellow 
travelers with a uniform constant. In particular, 

\\h\-dY{l{H),T{H))\<Mi. 

For any pair of markings /i, £ Mark(iS), we will call a domain Y a large link for /i and v if 
dYiii,iy) > M2. 

The following theorem summarizes two results that are vital to this paper. To simplify the 
statements we introduce some notations which we will adopt for rest of the paper. Below, a and b 
represent quantities such as distances or lengths, and k and c are constants that depend only on 
S (unless otherwise noted). 

Notations 2.6.4. 1. If a < fcb + c, we say a is coarsely bounded by 5, and write a ^ b 

2. If — b — C < o < fcb + c, we say a is coarsely equal to 6, and write a >; b. 
fc 

In the following, the coarse equality on the left is |MM001 Theorem 6.10]. The coarse equality 
on the right is called the distance formula |MM001 Theorem 6.12]. 

Theorem 2.6.5. There exists a constant Lq depending only on S such that, for any L > Lq and 
any £ Mark(5) and any hierarchy H = H{fi, v), 

\H\ X dMiti-.v) - ^ dY{n,iy). 

yes 

On the right, the constants involved in x depend on L. 
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Fix a generating set A for J^CG{S). To realize the quasi-isometry between Mark(iS) and 
A4CGiS), we fix a base marking /io in Mark(5). Then dj\/(MOj /A'o) >^ I/Ii with constants depending 
only on /iq and A. The following is an immediate consequence of Theoreni l2.6.5l 

Corollary 2.6.6 ( |MMOO[ Theorem 7.1]). Let /io G Mark(5) be a fixed base marking. For any 
element f e MCg{S), 

|i/(/io,M)| - |/|. 

Let y C iS be a proper non-annular domain. There is a coarse embedding Mark(y) 
Mark(iS): fix a marking in each complementary component of iS\y and a transversal to each curve 
in dY. The map j sends the marking ly £ Mark(F) in an obvious way such that dY C base {jii^)) 
and for all G Mark(F), 

t^Mark(y)(i^l,l^2) X C^Af ( j (l^l ) , j (l^2 )) ■ (2) 

Equation ([2]) follows from the distance formula and one can make the coarse constants independent 
of Y and j. 

2.7 Slices 

The connection between paths in Mark(iS) and hierarchies come from slices of a hierarchy. The 
following definition comes from from |MMOOI §5]. 

Definition 2.7.1 (Slices). A (complete) slice of a hierarchy H is a set r of pointed geodesies {h, v) 
in H, i.e. h £ H and w is a vertex of h, satisfying the following properties: 

(51) Any geodesic h oi H appears at most once in r. 

(52) There is a distinguished pair, the bottom pair, {gn, b) of t. 

(53) For every {k,w) e r other than the bottom pair, D{k) is a component domain of {D{h),v) 
for some {h, v) G r. 

(54) Given {h,v) G t, for every component domain Y of [D{h),v) there is a pair {k,w) G r with 
D{k) = Y. 

The initial slice tq of H is one where every pair (ft,, w) G r has v the first vertex of h. In 
particular, the main geodesic gn and its initial vertex is a pair in tq, and tq can be constructed 
inductively using the axioms of slices. Similarly, the terminal slice of H is defined. To any slice r 
we can associate a complete marking /i^ as follows. First let /i be the marking with 

base(/^) — { V : {h,v) £ t and D{h) is not an annulus }. 

For each base curve a, if {k,t) G r is such that fc is a geodesic in C{a), then let t be the transversal 
to a in /X. The marking /j, is complete but not necessarily clean. Any clean marking compatible 
with n will be called a compatible marking with r. By Lemma [5331 the number of choices for 
is bounded. I{H) and T{H) are respectively compatible markings with the initial and terminal 
slice of H. 

Given any slice t in H , there is a notion of (forward) elementary move on r which is roughly 
moving a vertex v of some pair (/i, v) G t forward by one step in the geodesic h to obtain a new 
slice t'. We write t ^ t' . See [MMOOl §5] for a precise definition. If /i and fj,' are compatible 
marking with t and r', then by [MMOOi Lemma 5.5], dMilJ-, /-«') -< 1. We will write /i — > /i' to mean 
any path in Mark(iS) connecting /i to /./. To provc|i7| >; dM(I{H),T{H)), Masur and Minsky in 
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[MMOO| established the existence of a resolution of H, which is a sequence of forward elementary 
moves 

To ^ >Tn, 

where tq is the initial slice and t„ is the terminal slice of H. For each in the resolution, let /ij 
be a compatible marking with r^. The corresponding path in Mark(iS) 

I{H) = /io ^ >tin^ T{H) 

turns out to be a quasi-geodesic with uniform constants, and dM{l{H),T{H)^ x n >; An 
important fact in |Min02| is that, for any slice r in H, there is a resolution of H containing r. 
We will call any marking compatible to some slice in a hierarchy H a hierarchal marking. The 
following statements are true for hierarchal markings. 

Lemma 2.7.2. There exists a constant M depending only on S such that the following hold. Let 
H be a hierarchy. If ^ ^ Mark(iS) is a hierarchal marking for H , then 

dM{l{H),tx) +dM{t^,T{H)) < dM{l{H),T{H))+M 

Furthermore, for any Y C S, 

dY{l{H),fx)+dY{f^,T{H)) <dY{l{H),T{H))+M 

2.8 Time order 

The geodesies or domains of geodesies in a hierarchy H satisfy a partial order <<, called time 
order. We refer to |MM001 §4.6] for the definition. The idea comes from the observation that the 
vertices of a geodesic g are linearly ordered: Vi < Vj Hi < j. Combining this observation with the 
subordinacy structure on iJ, one can try to order a pair of geodesies ft., h' ^ H . A simple situation 
is if D{h) is a component domain of {D{g),Vi) and D{h') is a component domain of {D{g),Vj), 
then D{h) <t D{h'). If D{h) and D{h') are different components of {D{g),Vi), then in fact they 
are not time-ordered. The situation gets more complicated if h and h' are not subordinate to 
the same geodesic g. An important fact is that if D{h) and D{h') interlock, then they must be 
time-ordered. If D(h) and D{h') are nested, then they cannot be time-ordered. The ambiguous 
case is when D{K) and D{h') are disjoint; sometimes they are time-ordered and sometimes not. 
The issue of disjoint domains will come up in this paper. We summarize the above results and 
state some useful consequences of time order. 

Theorem 2.8.1 f [MMOOi Lemma 4.18 and 4.19]). There exists a relation <t, called time-order, 
on domains of geodesies in H such that: 

• The relation <t is a strict partial order. 

• If h and h' are geodesies in H such that Y — D(h) and Z — D{h') interlock, then either 
Y <tZ or Z <t Y. 

• IfYdZ, then Y and Z are not time-ordered. 

• If Y and Z are such that they lie in different component domains of {D{m),v), for some 
geodesic m in H , then Y and Z are not time-ordered. 

The constant Mi of Lemma [2.6.31 can be chosen so that following hold. 

Lemma 2.8.2 f [MM00l Lemma 6.11]). Let H be a hierarchy. Suppose Y and Z are domains 
for geodesies in H such that Y and Z interlock. If Y <t Z, then dy (^dZ,T{H)^ < Mi and 
dz{l{H),dY) <Mi. 
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Using slices, the constant Mi can be chosen so the following version of Lemma [2 . 8 . 21 also holds. 



Lemma 2.8.3. With the same hypothesis as above. There exists a hierarchy marking v such that 
dY{v,T{H)) < Ml anddz{I{H),v) < Mi. 

We also have: 

Corollary 2.8.4 f |BM081 Lemma 1]). With the same hypothesis as above. For any marking 
fi G Mark(5), either dy {^.,T{H)) < 2Mi or dz{I{H), ^i) < 2Mi. 

2.9 Separating Marking 

The following definition and lemma do not explicitly appear in |MM00j . Although the lemma is a 
direct consequence of hierarchies, we offer a brief sketch of its proof. 

Definition 2.9.1 (Separating marking). Let _ff be a hierarchy. A slice r is called a separating 
■slice if for every pair {h,v) G r, with h ^ gn, has the property that v is the terminal vertex of 
h. We remark that once the bottom pair {gH,b) is fixed, then the separating slice r containing 
{gn, b) is uniquely determined by the axioms of slices. In particular, if b is the terminal vertex of 
gn, then r is the terminal slice of H. If r is a separating slice containing {gn, b), then any marking 
/i compatible with r is called a separating marking at b. 

Lemma 2.9.2. The constant Mi of Lemma \2.6.3\ can be chosen so that following hold. Let H be 
a hierarchy. Let b be any vertex in gu and let /i be a separating marking at b. Then for any proper 
domain Y C S, either dY{I{H),fi) < Mi or dY{ti,T{H)) < Mi. 

Proof We may assume F C 5 has dy {l{H),T{H)) > Mi. Since Mi > Ma, F is a domain for a 
geodesic hy G H. Without a loss of generality, we may assume F is a component domain of {gn, c). 
If c appears before b along gn, then dyi^fi^T^H)^ < Mi. Similarly, if c appears after b along gn, 
then dy{I{H),fj,) < Mi. Both of these facts can be seen as a consequence of Lemma [2.8.21 The 
remaining case is 6 = c. In this case, r must contain {hy, v), where v is the terminal vertex of hy. 
Therefore, it must be that dy{^i,T{H)) < Mi. □ 

Remark 2.9.3. In our definition of separating slice, the preference for terminal vertices is arbi- 
trary. Lemma 12.9.21 would remain true if we allowed only initial vertices or a mixture of initial and 
terminal. 

2.10 Collecting constants 

For the rest of the paper, we will fix the following set of constants. Let N be the constant of 
Lemma [nmH Let Mq be the constant of Theorem l2.4.3l Let Lq be the constant of Theorem l2.6.5l 
Let Ml and M2 be the constants coming from Lemma [2.6.31 We will also fix one constant M3 
for Lemma 12.4.21 Lemma 12.5. 1[ Equation ([ij , Lemma 12.5.71 and Lemma 12.7.21 We may assume 
Ml > M2,M3. In addition, since up to homeomorphism there are only finitely many subsurfaces 
of S, we can choose a hyperbolicity constant S which works for all C{Z), Z C S. 

3 Two technical lemmas 

This section contains some technical results about finite order mapping classes. 

To prove L.B.C. property, we need to understand the geometry of the action of finite order 
mapping classes on Mark(5). The first observation is that finite order elements act on Mark(iS) 
with coarse fixed points. We will eventually prove that the action has the property that the 
translation distance of a finite order element /, or dM{l^o, fl^o) where /xq is the base marking, is 
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coarsely bounded by the distance from fiQ to the fixed point sets of /. In other words, finite order 
elements oi AiCQ{S) act elliptically on Mark(iS). 

In this section, we consider what happens if a fixed point /i of / is far from /zq relative to the 
translation distance of /. By the distance formula, there must be some X C S such that dxipo, f^) 
is large relative to dxipo^ ffJ-o)- With some additional conditions, X will be called a bad domain 
for n and we will prove a structure theorem for the set of bad domains in a hierarchy H{pQ, fj,). In 
this next section, we will use this structure theorem to construct a coarse fixed point of / close to 
fj,o relative to the translation distance of /. From there, we can derive L.B.C. property for finite 
order mapping classes by a standard argument. 

3.1 Fixed points and symmetric points 

We state some useful facts about finite order mapping classes below. 

Lemma 3.1.1. There exists a constant N , depending only on S, such any finite order element 
f e MCg{S) has order(/) < TV. 

Lemma 3.1.2. There are finitely many conjugacy classes of finite order elements in A4Cg{S). 

Definition 3.1.3. Let / G A4CQ{S) be of finite order. We define the set of r-fixed points of / as 

Fix,(/) = { /i e Mark(5) : duit^, fl^)<r}. 

Also, define the set of r-symmetric points for / to be 

Fix;r(/) = { /i G Mark(5) : (^i, /a*) < ^ Vy C 5 }. 

Lemma 3.1.4. There exist constants Ri, depending only on S, such that Fixflj(/) ^ and 
Fix/j'j(/) 7^ 0, for any finite order element f £ A4Cg{S). 

Proof. We first show Fix]i-^{f) ^ 0. By Nielsen's Realization IKer83j . / fixes a hyperbolic metric 
p on S. Let /i G Mark(5) be a marking such that the sum of the hyperbolic lengths of curves 
in /i measured in p is minimal over Mark(iS). Let i?/ = d^iip, fp)- If 3 = w/w^^ for some 
w G MCQ{S), then g fixes the metric oj^p. Hence Rg = Rf- 

Now, using Lemma |3.1.2[ we can let i?i be the maximum of the constants Rf ranging over all 
conjugacy classes. By the distance formula, one can choose Ri such that Fix^j^ (/) / as well. □ 

Remark 3.1.5. The set Fix/j(/) is a quasi-convex subset of Mark(5). That is, there exists a 
constant e = e(i?), such that for any /i, G Fix/j(/), any geodesic [p,!^] in Mark(iS) must stay 
within an e-neighborhood of Fixfl(/). In fact, a stronger statement about the geometry of Fixfl(/) 
is known. Suppose / fixes the metric p. Let X be 5 equipped with p. The action of / on X 
is an isometry, so its quotient X = X/f is an orbifold. One can coarsely identify Fixfl(/) with 
Mark(X). The map X ^ X is a (branched) covering map. By [RS07| . the hfting of Mark(X) to 
Mark(X) — Mark(<S) is a quasi-isometric embedding. 

3.2 An example 

Before proceeding to the first technical lemma, let's discuss a motivating example. The following 
refers to Figure [TJ 

Consider the closed surface 52 of genus two. Let / be the mapping class of order two which 
permutes the two holes of ^2. The curves in Figure [T] represent a marking p on 82'- the red curves 
are the base curves of p and the blue curves are the transversal curves of p. The marking p is a, 
fixed point of / (in fact, ^ is a 0-fixed point of /). Let X and Y be the pair of once-punctured tori 
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in 5*2 permuted by /. Since X is once-punctured torus, C{X) is homeomorphic to the Farey graph 
J^. Markings on X correspond to edges in J-", thus we may represent the projection vi = 7ry(/i) 
by an edge in J-. After identifying C{X) and C{Y) via the map /, the projection V2 — 7ry(/i) is 
represented by the same edge in F. 

We can construct some other coarse fixed points of / as follows. Choose any marking v on X. 
Let a be the separating curve bounding X and Y . Let t = TTaifJ^) be the transversal to a associated 
to /i. Any clean marking /i' compatible with i/U/(i^) UaUt has the property that dMifJ-', /m') ^ 1- 




Figure 1: On the left, the curves represent a fixed marking /i for the order two element / G 
A4CQ{S2) that permutes the holes of 52- On the right is the Farey graph T which is isomorphic to 
C{X) and C{Y). Markings on X or F correspond to edges in J". Here, i^i = ■Kxiy) and V2 — ■nyip), 
and zi = TTxip-o) and Z2 = T^vifJ-a), where /xg is the fixed based marking. 

Now suppose the base marking /ig has the following form. Let zi and Z2 be any two edges in 
T. Suppose /zq contains a as a base curve, da{no) = t, (ix(/xo) — z\ and dyino) — Z2- We will 
also assume that vi and z^, j = 1,2 do no have large projections to any annular domain. These 
assumptions imply that X and Y are the only possible large links for no and /z. More precisely, 

rfMark(S)(MO,A*) (MO , A^) + (^q , M) = djr{l^i,Zi) + djr{l^2, Z2) ■ 

We want to understand which fixed point of / is close to iiq. If we are in the situation that 

djr{vi,Zl) < djr{zi,Z2), (3) 

then we also have 

dT{v2,Z2) = djr{vi,Z2) < djr{vi,Zl) + djr{zi,Z2) < 2djr(zi, Z2) (4) 

Note that djr{zi,Z2) — c^xCmoj/Mo) = dY{n.a, f no). Hence, /i is already close to ijlq in the sense 
that 

dM{iJ'0,ij) < c?Af(Mo,/A*o)- 

If, on the other hand, 

djr{vi,Zl) > djr{zi,Z2) (5) 

is sufficiently large, then we also have 

dj^{v2,Z2) > djr{vj^^Zl) - djr{zi,Z2) >- djr{zi,Z2). (6) 

In this situation, X is a had domain for ji. The existence of X disqualifies ji from being adequately 
close to HQ in X and Y. We sketch a procedure on how to construct a closer fixed point of /. Start 
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by considering the geodesic path from vi to zi in J-. Choose a vertex v along the path satisfying 
djr{v, vi) < djr{vi, V2). Extend the vertex v to an edge v in jF, with care taken to ensure v and Zj 
do not have large projections to annular domains (this requires an inductive procedure). This edge 
V serves as the marking on X. Then, as in the previous paragraph, the marking /x' compatible 
with V U f{v) U a U t is a coarse fixed point of /. Using the same computations as in ([3]) and (|H), 
our choice of v ensures that 

'^Mark(S)(MO, M) C^Mark(S) (A*0, /Mo)- 

A couple of observations about the example. First note that, for ([SJ to imply ©, the sufficiently 
large condition can be made to depend only on the order of /. Secondly, the procedure for 
constructing the new fixed point fj! affects both X and Y at the same time. The main reason is 
that X and Y are disjoint. A modification of /i in X is transferable to Y via /. This ensures 
maximal symmetry for the action /. 

In the following and in the subsequent section, we generalize this example. Equations ([5]) and 
are motivations behind the definition of a bad domain (see Definition 13.3. ip . The structure 
result for bad domains, Lemma l3.3.4[ shows that if X is a bad domain for /i, then X and its orbits 
are all disjoint and are all large links for /io and /i. In the next section, we will show how to use 
the disjointness result to cook up the desired fixed point of / close to /io, using a procedure similar 
to the one described above. 

3.3 Bad domains and the first technical lemma 

We remark that Lemma 13.1.21 does not a priori help us with L.B.C. property as each conjugacy 
class has infinitely many elements, but it will play an essential role later. In the following, let 
/Lto G Mark(iS) be the fixed base marking. We recall notations of i i2.10l and let i?i be the minimal 
constant satisfying Lemma [3. 1.41 Set 

e = 6M1 + 4(5. (7) 

Definition 3.3.1 (Bad domains). For any X (Z S a, proper subsurface, set Lx as the integer such 
that f^^'^^ is the first return map of / to X. Note that for any X, Lx < order(/) < TV, where N 
is the constant of 13.1.11 Let / G A4CQ{S) be of finite order. Let R > Ri and let /i G Mark(iS) be 
any marking. We say X C 5 is a R-had domain for /i (and /) if 

• For X = 5, 

rfs (Mo , m) > (Mo , /Mo )+R- (8) 

• YoT X ^ S, 

dx{^io,^J■)>2N( max {df^x){f^oJ ^^o)}) + NR + O. (9) 

Denote by ^{fj,,R,f) or rt{^, R) the set of all i?-bad domains for fi (and /). Note that if 
R' > R, then r2(/z, 7?') C ^1{^,R). We remark that the constant "2A^" in the definition of bad 
domains will not play a role until the next section. 

Definition 3.3.2 (Partial order on R)). We endow ft{fJ., R) with a partial order "<l" following 
these rules. Let X,Y <E ri(/i, R), and let H = H{pio, ji) be a fixed hierarchy. 

(01) If S,{X) < C(F), then X <\Y . In particular, if <S G ^{^J,, R), then S is the maximal element. 

(02) If ^{X) = ^(r) and X <tY in H{po, /i), then F <) X. 
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Definition 3.3.3 (Complexity of r2(/i,i?)). If is nonempty, then tfie complexity of the 

maximal element in D,(fj,, R) is called the complexity of D,{fi, R), denoted by ^(/i, i?). The minimal 
complexity over all subsurfaces of iS is —1, coming from an annulus. For convenience, we will let 
^(0) = —2. We make the trivial observations that whenever 

n{^l', R') c r) =^ R') < R)- 

The following is a consequence of the definition of _R-bad domains for /i and /, if /i happens to 
be a i?-symmetric point for /. 

Lemma 3.3.4 (Structure of bad domains). Let R> Ri and let fi £ Fixij(/). If X & i}{fj,,R) and 
X ^ S . then 

XJ{X),...f^-{X) 
are all domains for geodesies in H{iio,ii) and are all mutually disjoint. 

Proof Note that /"'(X) = f^-'^+^-'iX). We will proceed by induction on /"*(X), for i = 
0, . . . , Lx- Our assumption is that X G flip, R) and X ^ S. In particular, this means that 
dx{l^o,fJ.) > Q > A/2, so X is a domain for a geodesic in H{iiq,ii). This concludes the base case. 
Let's now assume 

x,ri(x),...,r"+i(x) 

are all domains for geodesies in i/(/io,/i) and are all mutually disjoint. We will show f^"{X) 
supports a geodesic in H{iiq,ii). Recursively, we have 

rf/-"(X)(MO,M) 

= rf/-"+i(X)(/M0,/M) 

> d/-„+i(x)(Mo,Ai) - c?/-"+i(X)(Mo,/Aio) -c?/-"+i(x)(a*, /m) 

> c?/-"+2(x)(/Mo, /m) - c^/-"+i(x)(a'o, /Mo) - R 

>dx{fJ-o,tJ-)- (^Yldf-^+^(^x)i^J■aJlJ■o)^ - nR 

> dx(A*o,M) - max {d/-"+i(x)(Mo, /Mo)} ) - nR 

\ l<i<n J 

By® >{N-n)( max {d^-„+.(x)(A*o, /Mo)}) + (A^ - + S 

Since N > Lx > n, we have in particular 

c?/-"(x)(mo,m) > © > M2. 

Therefore, /~"(X) supports a geodesic in H{^o,fi). 

Now let's prove /~"(X) is disjoint from each X, ...,/-"■+! (X). Observe that /""(X) and 
/~*(X) are disjoint if and only if /~"+*(X) and X are disjoint. Hence it is enough to show 
/^"(X) and X are disjoint. By way of contradiction, let's assume X and f^^{X) are not disjoint. 
The two domains have the same complexity so they must interlock. They both support geodesies 
in i?(/io, /i) so, by Theorem 12.8. 11 they are time-ordered. We have two cases. 

The first case is X <t f~^{X). As in Lemma [2.8.31 we may choose a hierarchal marking v in 
H{fi(),fi) such that 

dx{v,li)<Mi and (a^o, < Afi, (10) 
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By the triangle inequality, 



^ n-1 



- " ( <^J^f^-^ {^f-nxjifJ-aJ^J-o) } ) + Mi. 
Using the triangle inequality again, along with ^ and ([TT]) . we have 

dxiriy,fi) > dxit^o,tJ-)-dxitio,riy) > 2Mi. 
Therefore, by Corollary EEll 

d/-"(x)(A^o,/V) <2Mi. 
Now we consider dxifJ-o, /*"/^)- By iterating the argument we obtain, for every i > 0, 

dxW V) < dxW /Vo) + dx(/Vo, 

< n(^^m&^^^{df-o (x){^^o, f }) +2Afi. 



(11) 



Since there is some i for which is the identity map, the latter inequality must also hold for 
dxil^o, v). With this fact coupled with the first half of PH)) . we derive the following violation to 

dx (.[lid ,n)<dx {^J-o +dx{v, A*) 

<n( max {dy-j(x)(Mo, /Mo)} ) + 2Mi + dx(j^, /^) 



3<J<ix 

< N{ max 

,0<j<Lx 



{rf/-.(x)(Mo,/Mo)}) +3Mi 



Thus, it is not possible for X <f /""(X). 

To eliminate the second case f~"{X) <t X, we argue similarly. Now choose a marking i/ such 
that 

dx{no,'^)<Mi and (j^, m) < ^^i- (12) 

Then, using the fact that /i e Fixij(/) (in the last step below), we have 

fi) < dxir^y, /"/i) + dx{^l, /"m) 

n-l 

< c^/-"(X)('^,A') + ^dj:-^(^x){f^JtJ') 

i=0 

< Ml + nii. 

Thus, 

djf(Aio,/V) >dx(/io,/i)-dx(ri^,M) > 2Afi. 
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By Corollary [liHH 

rf/-"(x)(r^^,M) <2Mi. 
As above, we iterate the argument on taking powers of /". For all i > 0, we have 

< dx(/(^+i)V, /» + dxip, /» 
<rf/-"(X)(rV,A.)+ni? 

< 2Mi + nR. 

This eventually leads to the contradiction 

dx (mo <dx (/io ,v) +dx{v, /i) 

< Ml + 2Mi + nR 

< 3Mi + nR. 

We conclude X and f^"{X) must be disjoint. □ 
3.4 Second technical lemma 

In the following, we prove another technical result, which has a similar conclusion as Lemma l3.3.4l 
but it is based on different assumptions. Its purpose is for the situation when the main surface S 
is a bad domain for an i?-fixed point /i of a finite order mapping class / (see Proposition l4.2.T|) . In 
this situation, we need to cook up a set of base curves for a new fixed point of / which is closer to 
the base marking /io in C{S). Lemma [3.4. II starts this process by finding a subsurface whose orbit 
under / are all disjoint. Furthermore, the boundary curves of these subsurfaces form a multicurve 
which is closer to fio in C{S) than the base curves of /i. 

The proof of Lemma 13.4.11 will be similar to that of Lemma 13.3.41 We will provide the details 
of the first half of the proof to illustrate the differences jmd omit the second half. 

In the following, let R be any constant and let /i € Fixjj(/) for a finite order mapping class /. 
Let _ff(/io,/Mo) and H{fio,fi) be hierarchies. Let [vo,f{vo)] and [vo,v] be the corresponding main 
geodesies in C{S). For any domain Y G S, we adopt the notation [u, v]y to mean the line segment 
[7ry(u), 7ry(w)] in C{Y). For any two sets A, B C C{S), let Bists{A, B) — mm ds{u,v). 

veB 

Lemma 3.4.1. There exists a constant A, depending only on R, such that the following holds. 
Suppose h is a vertex on [vq^v] with the property that 

Dists K,/^)]) >4. 

Let /i' he a separating marking at h. Then whenever a subsurface Y <Z S has the property that 
Dist5 (dY, [b, fib)]) < 1 and dy(/x', f^i') > A, 

then 

YJ{Y),...,f'^-{Y) 
are all domains for geodesies in H(fj,Q,fj,) and are all mutually disjoint. 
Proof. We claim the constant 

A = (2iV + l)Mo + (2iV + 1)R + lOMi 

works. Let Y C S satisfy the criteria of the lemma. As in Lemma l3.3.4| we will prove by induction 
on f-'iY), for i = 0...,Xy. 
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Let's first show Y supports a geodesic in H{^o,^). We will be considering H{f^o,ffi) in 
parallel. Note that ffi' will be a separating marking at f{b) in H{ffio, fji). Consider the following 
pair of quadrilaterals in CiY): 

Qi = [a*o, /a*o] y U [/A'o, /a*')] y U [^0, ^^'] y U [^', /^')] y 7 

and 

Q2 = U [M',M]yU [/^,/M]yU [/M',/M]y. 

By our assumption, dyifi' , ffJ-') > A. By the triangle inequality, at least one of three other 
segments of Qi is long: 

[A^OjAi'ly' ^0,/A*o]y, [/MO,/M']y 

Similarly, at least one of the following segments of Q2 is long: 

Since dz{n, ffi) < R for all Z <Z S, m Q2 the situation reduces to either 

dy (/i', fi) > > NMo + NR + 5Mi, (13) 

or 

driff^', ffi) > NMo + NR + 5A/i. (14) 
If (|13p holds, then by the fact that fi' is a separating marking at b fLemma l2.9.2p . 

dvifLo^fL') < Ml. 

Applying the triangle inequality yields 

(iy(^0,M) > dvif^'.fj) - dY{flo,fl') 

> {NMq + NR + 5Mi) - Ml. 

Therefore ([T^ implies Y supports a geodesic in H. So we may assume ((H)) holds. 

In Qi, the assumption on 51" forces Distg (j)Y, [fio, ffJ-o]^ > 1. In other words, every vertex 

in [/io,//io] crosses Y. Theorem l2. 4. 31 applies and dY{fio, f fio) < Mq. The situation is reduced to 
either 

drifio, m') > — ^ > ^^^0 + NR + 5Mi (15) 

or 

dy(/^o, /m') > NMo + NR + 5Mi. (16) 
It is not possible for ([T6|) to occur simultaneously as ([M]). as that would mean both 

dviffJ-a, ffi') > Ml and dyiffi'^ffi) > Mi, 
violating ffi' a separating marking. So (|15|) must hold. As above, we must then have 

dy^f^o^fj)- > dY{fio,fJ-') - dY{fi.',fi) 

> {NMo + NR + 5Mi) - Ml. 

Therefore, in all cases, Y must support a geodesic in H{fio, fi)- See Figure[2]for a schematic picture 
of Qi and Q2. Note that the conclusion of the base case always resulted in 

dYifio, m) > NMo + NR + AMi. (17) 
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Figure 2: The quadrilaterals Qi and Q2 in C{Y) 




By induction, 



YJ-\Y),...J-"+\Y) 



are all domains for geodesies in H{iiq,ii) and are all mutually disjoint. Let's now prove / "(F) 
supports a geodesic in H{fi(),fi). Since 

Dists ([«o,/(«o)], > 4 and Distg (dY, [&,/(&)]) < 1, 

the disjointness condition will imply 

Dists[[voJ{vo)],dr\Y)) >2, 
for ah i = 0, . . . , n - 1. By Theorem[2Xl 

rf/-(y)(Mo,/Mo) < A^o- (18) 
Coupling this fact with ([T7| (in the last step below), we have 

dj-„(y)(^0,A*) 

= d/-„ + l(y)(/Aio,/^) 

> d/-„+i(y)(^o,M) - c'/-"+i(y)(Mo,//^o) - d/-"+i(y)(A*,/M) 



> (iy (/io , /i) — nMo — nR 

> {N - n)Mo + (iV - n)R + 4Mi. 

Since N > Ly > n, the above in particular implies 

df-^(y){iio,y) > Ml > M2. 

So /^"(y) supports a geodesic in H{fio,^). 

Now let's assume Y, . . . , /^""^^(Y) are all mutually disjoint. Using the action /, we see that 
/-"(F) is disjoint with each Y, . . . J-"-+^{Y) if and only if /""(F) and F are disjoint. If F 
and /-"(F) arc not disjoint, then they are time-ordered in i?(/io,/^). The two different cases of 
time-ordering of F and /""(F) will both lead to a contradiction. The argument is very similar to 
the one given in Lemma [3.4.11 We will quickly give the argument in the case that F <t /""(F) 
and omit the case the argument in the second case. 

Suppose F <t /""(F). Let z/ be a hierarchy marking H{fiQ,fi) such that 



dy{v,^) < Ml and df-n(^y){fio,v) < Mi, 



(19) 
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< 



as in Lemma [2.8.41 Then 

rfY(A*o,/'V) < dY{^ioJ>o) + dY{r^io,r'^) 

,J=0 J 

< nMo + Ml. 

Using PT|) and the triangle inequahty, we have 

dY{rv,^i) > dY{fio,ti)-dY{tio,ri^) > 2Mi. 
Therefore, by CoroUaryd^ 

By considering powers of /"i^ inductively, we have 

<nMo + df-.^Y)i^^o,^l^) 
< nMo + 2Mi 

This is true for every i > 0. Since N > Ly > n, using we have 

dY (mo ,f^)<dY (mo ,v)+dY{v,lj) < nMo + 3Afi , 

contradicting ([T7|) . The case of /^"(l^) <t Y will lead to a similar contradiction. This concludes 
the proof of the lemma. □ 

4 L.B.C. property for finite order mapping classes 

The heart of this section is to prove Theorem [Cl in the introduction, which is restated below. Let 
i?i be the fixed constant of Lemma 13.1.41 

Theorem 4.0.2. There exists a constant R > Ri, depending only on S, such that any finite order 
f G MCQ{S) has a marking fj, S Fixfl(/) such that 

rfj\/(Mo,M) -< c?Af(Mo,/Aio)- 

Assuming Theorem 14.0.21 we can derive L.B.C. property for finite order mapping classes by a 
standard argument, following |BH99j . We first state and prove the following corollary of Theo- 
rem 14^021 which reduces L.B.C. property for finite order mapping classes to a finite problem. 

Corollary 4.0.3. There exists a finite set F C A4CQ{S) such that, for every finite order f S 
A4CGiS), there exists uj G A4CQ(S) such that iv^^fuj G F and |a;| -< |/|. 

Proofi By enlarging R if necessary, we may rephrase Theorem 14. 0.21 in terms of fixed points: there 
exists R depending only on S such that any finite order mapping class / has a marking ^ G Fixfl (/) 
such that 

dm (mo , <dM (mo , /mo ) ■ (20) 
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We construct the set F as follows. Let D be the diameter of Mark(iS) modulo the action of 
A4CQ{S). (D is finite since the action of MCQ{S) on Mark(iS) is cofinite). Set 

r = { g e MCg{S) : dj\/(Mo,.9Mo) <2D + R,g finite order }. 

The action of M.CQ{S) on Mark(5) is proper, thus F is a finite set. We show F satisfies the other 
properties as well. 

Let / G M.CQ{S) be of finite order. Let /x be a i?-fixed point of / closest to /xq. Since the 
action of M.CQ{S) on Mark(iS) is cofinite, there exists w £ MCQ{S) such that (iM(w/Uo,/x) < D. 
Then u~^fu G F, smce 

< dM{'^lJ-o,iJ) +dM{iJ^,fy) +dAf(M,W^o) 
<2D + R. 

Moreover, by (j20p we have 

|w| -i. dM(Aio,i^A^o) 

< dMii^n, m) + dA/(wAio, m) 

-^l/l- □ 

Corollary 4.0.4 (L.B.C. property for finite order mapping classes). If f,g £ AiCQ{S) are conju- 
gate finite order mapping classes, then there is a conjugating element uj G M.CQ{S) with 

1^1 -< I/I + Iffl- 

Proof. Let F C MCQ{S) be the finite set of Theorem lilOl The content of Theorem is that F 
contains at least one and at most finitely many representatives for each conjugacy class of a finite 
order mapping class. Furthermore, each finite order / can be conjugated into F by a conjugating 
element whose word length is proportional to |/[. The result follows after picking a conjugating 
element for each pair of elements in F of the same conjugacy class. □ 

The proofjjf Theorem 14.0.21 will occupy the rest of the section. The main observation is 
that if /ii G Fixfl;j(/) does not have any i?i-bad domains, then fii would satisfy the statement 
of Theorem 14.0.21 If /xi does have a i?i-bad domain Y, then we can construct a marking /i2 G 
Fixfi2(/)i where i?2 depends only on such that Y ^ Q{ii2,R2)- Ideally, we would like f2(/X2, i?2) 
to be strictly smaller than but the situation is a bit more complicated. In trying to 

improve /xi in Y, we may have created new bad domains but we will have control over what they 
are in relation to Y. We call this the base step of the proof. Although the set of bad domains are 
not necessarily decreasing, applying the base step in the right way will guarantee a decrease in the 
complexity of 0(^2,^2) from that of fl{fii,Ri). By iterating this process, we produce a sequence 
of symmetric points for / such that the complexities of the sets of bad domains are monotonically 
decreasing. This process must stop to produce an i?-symmetric point /x for / with no bad domains. 
Since the maximal complexity of any set of bad domains is the complexity of S, the process of 
achieving /Lt terminates after a bounded number of steps. This serves to ensure the constant R will 
depend only on Ri and hence only on S. 

The rest of the section is organized as follows. We first prove in Proposition 14. 1. II that no bad 
domain indeed implies Theorem 14.0.21 Then the base step is dealt with in §4.21 There are two 
propositions. Proposition 14.2.11 and Proposition I4.2.3| associated to the base step, depending on 
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whether the bad domain is the main surface or a proper subsurface. This is where our work in fJ3] 
will come in. In i )4.3[ we explain how to use the base step to reduce complexity of the set of bad 
domains. The precise statement is ProDOsition l4.3.11 The section will conclude with Corollarv l4.3.2l 
which makes precise how the process terminates after a bounded number of steps. 

4.1 No bad domains 

Proposition 4.1.1 (No bad domains). Let /i G Fix/;(/) where R > Ri. If R is a constant 
depending only on Ri such that R) — 0, then 

rfM(Mo,M) -< c^M(/io,/A*o)- 
In other words, ii and R satisfy Theorem \4.0.S\ 

Proof. The assumption R) — $ means that for every X C S, there exists ix such that 

dxipo, fi) < 2Ndp^^x){t^Q,ffio) +NR + e. 
Let Lq be the constant of the distance formula, Theorem 12.6.51 Let 

<i> = {XCS : dxifJ-o^lJ-) >'2NLa + NR + e 

and 

* = {yc5 : dY{iioJt^o)>Lo}. 

Then there is a map $ —> ^I^ sending X This map has multiplicity at most the order 

of /, which is bounded by N. Therefore, 

ye* 

X dM(A*o,/Mo)- □ 

4.2 Base step 

We are now ready to state and prove the base step of the proof for Theorem 14.0.21 There are two 
cases to consider, which are Proposition l4.2.1] and ProDOsition l4.2.3l The proof of Proposition l4.2.1] 
will be essential for Proposition 14.2.31 Recall the definition of i?)) as in Definition 13.3.31 

Proposition 4.2.1 (Base Step 1). Let Rj > max{2^ + 4, and e Y\^B,{f )- If S & 
r2(/i/, Ri), then there exists Rq, depending only on Rj , and iiq G Mark(5), satisfying the following 
properties: 

(PI) fioeFb^nM)- 

(P2) Q,{po, Ro) ^ ^iti-i, Ri)- In addition, S^Q,{po,Ro), and thus ^{iiqiRo) ^ S,{.l^iiRi) ■ 
Proof. Let /xq be the base marking in Mark(iS). We have four hierarchies: 

H{l^o,flJ-a), H{lJ-iJlJ-i), H{l^o,lJ-i), H{fl^a,fl^i)- 
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f{vo) 




Figure 3: The quadrilateral Q in C{S) 

Consider the four main geodesies corresponding to the four hierarchies, forming a quadrilateral Q 
in C{S): 

[vQ,f{vo)], [vi,f{vi)], [vq,Vi], [f{V()),f{vi)], 

where vq and vi are base curves in fiQ and /i/, respectively. Our assumption is that S £ ^{pi, Ri), 
so 

ds{vo,vi) > ds{vo, f{vo)) +Ri. 

Since / acts on C{S) as an isometry, ds(vQ,vi) = ds{f{vo),f{vi)), so Q is 2^~thin. The 
geodesies [u/,wo] a-nd [/(«/), /(wq)] 2(5-fellow travel for awhile until [u/,uo] begins fellow traveling 
[wo,/(wo)]- Choose the vertex b on [w7,uo] at the junction where this change takes place. After 
possibly moving b toward vj , we may assume the following properties for b (see Figure [3]) : 

• ds{bj{b)) < 26, and 

. Dist5([6,/(6)],K,/(«o)]) >4. 
We have 

ds{b,vo) <ds{voJ{vo)) + 2S + 4. (21) 

Now choose the separating marking fi in -ff (/io, /i/) at b. To decide if /i is the right marking for 
the proposition, consider any Y C S such that 

Bists{dY,[b,f{b)]) <l. (22) 

According to Lemma [3.4. 11 either dY{fi,ffJ.) < A (see Case I below), where 

A = (2iV + l)A/o + (27V + l)Ri + lOAfi, 

or Y and all its orbits under / are disjoint (see Case II). 

Case I. If (/i, //i) < A for all Y of type (P^ . then /io = M a-^d Rq = A are our desired marking 
and constant for Proposition 14 . 2 . Il Indeed, the fact that S ^ ft{iJ,o,Ro) follows from (l?T|) . Since 
/io comes from a slice in H{fiQ, fij), we also have 

dz{i^o,lJ-o) < dz(Aio,M/) + 

for all Z C iS, so (P2) is verified. To see property (PI), we consider dz{fJ.o, f fJ-o) for three 
possibilities of Z. 
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(al) Eds{dZ,[b,f{b)]) < 1, then 

dzif^o, ffJ-o) < A < Ro- 
(a2) If ds{dZ, [b, f{b)]) > 1, then every vertex of [b, f{b)] cuts Z. By TheoremUXl 

dz{b, fib)) < Mo =^ dy(/io, /mo) < Mo + 4. 
(a3) If Z = iS, then by construction, ds{b, f{b)) < 26, thus 

dsif^ojf^o) < 2(5 + 4. 

Case II. On the other hand, if there is some Y of type (|22p such that dyipjflJ.) > A, then 
Lemma 13.4.11 implies 

c = dYU df{Y) U ■ • • U df^^{Y) 

is a multicurve. In this case, we let ^lq be a marking extension of c relative to /i/, as in Defini- 
tion [53^ In particular, c C base(/zo)- Set 

i?o =max{i?/ + 2M3,4(5 + 9}. 

We finish the proof by verifying properties (PI) and (P2) for jio and Rq- Consider the following 
analyses. 

(bl) If Z = S, then, since both and //^o contain c as base curves, 

dsiy-o, ftJ^o) < dsit^o.c) + ds{c, f^io) < 4. 

Also, since 

Dist5 [dY,[bJib)]) <1, 

we have 

ds{fJ-o,f^o) < ds{vo,dY) + 4 

<d5(i'o,fo) + rf5(fo,/(&))+5 

< (d5^,/K)) +2(5 + 4) +2^ + 5 

<ds{voJ{vo))+^S + 9. (23) 

(b2) If Z 7^ iS, but some curve a in c crosses Z, then 

dzUj-o, ffJ-o) < dz{fJ,o,ot) + dz{a, fno) < 8. 

Furthermore, since /*(F) all support a geodesic in -ff (/xo, /x/), there exists a slice of -ff (/xo, /x/) 
containing (3;. Therefore, 

dzifJ-o, fJ-o) < dz{fJ-o,a) +4 

< dz{^io,^^I) + M3 + 4. 

(b3) If Z C iS is such that Z is disjoint from c or Z is curve in c, then we are in the situation of 
Lemma 12.5.71 Note that //io is a marking extension of c relative to //i/. 

dzifJ-o, ffJ-o) < dz{l^o,f^i) + dzifJ.iJfJ'i) + dziffJ.1, f^io) 

< (fz(M/,/M/) + 2M3 

< i?/ + 2M3, 

and 

^^(MOiAio) < dz{^J.o,^J.I) + dz{fJ.i,^J.o) < dziy^o, tJ-i) + M^. 
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Together above we have shown fio G F^^Roif)- From we have S ^ Q.{^,o,Ro)- Fmally, if 
Z G ^{f^o, Ro), then Z must be of case (b2) or (b3). In either case, we have 

t^z(Mo,M/) > dz{fJ.o,f^o) " (M3 +4) 

> 2iv( max {df.(^z) (a*o, f^^o)}) + NRq + 6 - (M3 + 4) 

> 27V( max {dp^z)if^o, ff^o)}) + N{Ri + 2M3) + 8 - {M3 + 4) 

> 2iv(max{d/.(2)(A*o,/Aio)}) +NRi + e 

Therefore, i}{fio,Ro) C il{^i,Ri), as desired. □ 

Remark 4.2.2. Let fio and i?o be the pair satisfying Proposition 14.2.11 coming from either case 
I or II in the proof. We emphasize that that in estabhshing the inclusion il{fio, Ro) C ^{ni, Ri), 
we essentially proved that for all Z C 5, 

dzi^J■o, Mo) < rfz(Mo, M/) + ^^3 + 4. 
The inclusion was strict since S ^ il,{fio, Ro) by construction. 

Proposition 4.2.3 (Base Step 2). Let Rj and fij be as in Proposition \4-2.1\ If S ^ ft{^i,Ri) 
but 51(/i7,i?/) contains a proper domain X C S, then there exists a constant Rq, depending only 
on Ri, and /io G Mark(tS), satisfying the following properties: 

(Ql) eFbcfl.o(/)- 

(Q2) Letc^dX[Jdf{X)\J---df^^{X). Then c C haseino) ■ 
(Q3) For alli^O,...Lx, PiX) i n{fiO:Ro)- 

(Q4) Suppose Z £ r2(/x/,i?/) has the property that Z interlocks /'(X). If X << f~'^{Z) in 
H{^io,t^i), then Z ^ n{^io,Ro)- 

(Q5) If Z G fl{fj,o, Ro) but Z ^ then Z must be a subsurface of f^{X), for some i. In 

particular, £,{Z) < ^{X). 

Remark 4.2.4. We first note that by Lemma [3.3.41 

are all disjoint, so c is a simplex in C{S) and property (Q2) makes sense. (Recall that if X is a 
curve, then dX — X.) 

Secondly, the assumptions in (Q4) also make sense, li Z E VL{^j,Rj) interlocks f^{X), then 
X and f~'^{Z) interlock by the action of /. Since they both support geodesies in 7J(/io,/U/) 
fLemma l3.3.4p . they must be time-ordered. The proposition analyzes the case that X <t f~^{Z). 

The point of property (Q3) is that, if X is a bad domain for /z/, then we can improve fij in 
X, f{X), . . . f^^{X) simultaneously. This process also eliminates all bad domains of type specified 
by (Q4). However, during this process, new bad domains that do not come from bad domains for 
/i/ may have been created. Property (Q5) puts restrictions on such bad domains, namely, they 
can only be subsurfaces /'(X), which have strictly smaller complexity than that oi X. If X is a 
curve, then in particular (Q5) implies such Z cannot exist and thus VL{plotRo) C n{p,i , Rj). 
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Proof. We will construct a marking fio containing 

c = aXU---U5/^^(X). 

as base curves, guaranteeing (Q2). The situation may seem similar to case II of Proposition 14 . 2 . Il 
but to ensure (Q3), it will not be enough to construct by inducing /i/ on each f^{X). We will 
in fact need the full work of Proposition 14.2.11 to construct a marking on X. The action of / will 
then extend this marking to each P{X). We will consider two cases, when X is a curve or when 
X a non-annular subsurface. The two cases are pretty much the same, but for clarity, we treat 
them separately. After we explain how to construct fip ^nd Rq in each case, we will then check 
that they satisfy the proposition. 

First suppose X is a curve. On each component domain of {S,c), we put the induced marking 
coming from /i/. To complete this into a marking, we need to pick a transversal to each 
Much like as in the proof of Proposition l4. 2 . ll we have a quadrilateral in C{X) formed by projecting 
the main geodesies /zq, ffJ-o, M/> and ffij to C{X). Since the pair of geodesies [fio, fii] and 
[//io, //i/] ^ 25-fellow travel in C{X), we can find an element b G C{X) such that 

. dx{bj{b)) <2d. 

• dx{b,iio) < dxit^o, flJLo) + 25. 

Now let be the transversal to f^{X) and let be the associated clean marking on S. The 

correct constant will be Rq = Ri + 

Now suppose X is a non-annular domain. Let F — f^^^^ : X X he the first return map of 
/ to X. Set 

R'l = NRi + 2M3. 

Let vq = Ilx{fJ-o) and vi — HxifJ-i) be respectively the induced markings of /io of fij on X. We 
will regard i^o as the base marking in Mark(X). Since /i/ £ Fixij;^(/), for any Z C_ X, 

dz{vi,Fvi) < dz{iii,Fiii)+2A'h 

< {Lx + l)Ri + 2M3 

< R'l. 

In other words, G Fixfl^(i^). Moreover, since X e Vl{^ij,Ri), we have 

dx{vo,vi) > dx(Mo,A^/) - 2Af3 

>N max {df.^x)i^^o,f^^o)}+NRI + e-2M3 

> df-HX){t^Q,ff^o) + NRi + e - 2M3 

i=0 
Lx 

= dxift^o, r+Vo) +NRi + e^ 2M3 

> dx{t^Q,Ffio) + NRi + e - 2Af3 

> dx{i^o, Fvq) + NRi + 9 - 4M3 
>dx{,vo,Fva) + R'i. 

In other words, X G rt{i'i,R'i,F). We may apply Proposition 14.2.11 treating X as the whole 
surface. This gives a marking vq on X and a constant R'q > R'j depending only on R'j (hence Ri) 
such that 
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(PI) For any Z <ZX, 

dz{vo.Fvo)<R'o- (24) 

(P2) X ^ n{i'o,R'o,F), meaning 

dx{yo,yo) < dx{vo,FvQ) + Rq- (25) 
The action of / induces a marking /Vq on each p(X). We complete 

Lx 

cu|J/Vo 

i=0 

to a marking /Lto on S by extending /i/ to the remaining complements and the curves in c. In this 
case, set Rq = Rq + 2M3. 

Now, for either X is a curve or a non-annular domain, let fiQ and Rq be the appropriate 
marking and constant. We will show fio and Rq satisfy properties (Ql), (Q3), (Q4) and (Q5). 
Let's consider the following analyses. 

(cl) li Z — S, by assumption, S ^ Ri), so 

^5(^0,^/) < ^5(^0, /Mo) + Ri- 
Since X is a domain of a geodesic in H{^q, fij), we have 

^^(mcMo) < ds{no,c) + 2 

< dsifio, f^i) + Ms + 2 
<rfs(Mo,/Mo) + i?/ + M3 + 2 

< d5(Mo,/Mo) +^o- 

In particular, S" ^ il(/iOi ^o)- As in (bl) of case II in Proposition 14.2.11 we also have 

rf5(Mo,//"o) < 4. 

(c2) If Z S but some curve of c crosses Z, then the same argument of (b2) of Proposition 14 . 2 . II 
applies to give 

dz{fJ.o,fJ.o) < rfz(Mo,Ai/) + ^'^3 + 4, 

and 

dzif^oJfJ'o) < 8. 

(c3) If Z is a subsurface of some component domain of {S, c) on which fiQ is induced from /i/ 
(this includes the possibility that Z is a curve in c when X is not a curve), then, as in (b3) 
of Proposition 14 . 2 . Il 

rfz(Aio,A*o) < dz{f^o,f^i) + M3, 

and 

dzif^oJt^o) <Ri + 2 A/3 < i?o. 
(c4) If X is a curve, then by construction 

dxifJ.o,fJ.o) < dxit^o.b) + M3 

< dx(/io,/A*o) + 2(5 + M3 

< dx(/io,/A*o) + /?o, 
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and 

dxi^^oJ^^o)<dx{bJib)) + 2M3 
<25 + 2M3 
< Ro- 
lf X is non-annular, and Z C X, then it follows from (l24t that 

c«z(mo, /mo) < dz{vo. Fvo) + 2M3 
< i?^ + 2M3 
= iio- 

Finally, (gH) yields 

dx{^J■o,^J■o) < dx{vo,vo) + 2M3 

<dx{v^,Fv^) + R'o + 2M^ 
<dxitJ-o,Ffio) + Ro+^M3 
<N max {d/,(x)(Mo,/A*o)} +A^i?o + 0- 

One consequence here is that, whether or not X is a curve, X ^ Q{iio, Ro)- 
) If X is a curve and i / 0, then both /io and f are close to in C(/*(X)), thus 

df^(x){i^oJiio) < dp^x){r{b),f{b))+2M3 < Ro. 

Furthermore, 

dp{x){f^o,t^o) < (mo, /'(&)) + Ml. 

<dx(rVo,6)+M3 



< dx(Mo,&) + ^dx(/-Vo,r'-''+'Vo) + M3 

3=0 



^dp+i(x)(Mo,/Mo) +2(5 + Afa 



< max {d/3(x)(Mo,/Mo)} + ^o- 

0< j<Lx 

If X is non-annular, and Z C /'(X), i ^ 0, then 

dzipiojp^o) = dz(/Vo, /Vo) + 2M3 < Ro- 
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For r{X), i ^ 0, then 

df'{x){f^o,fJ-o) < rf/i(x)(Mo,/Vo) + M3 
= dx(r>o,^^o)+M3 

BydMD <2iV max {dp(x)(Aio, M)} + A^i?o + 6 

0< j<Lx 

An consequence here is that P{X) ^ il{iio,Ro)- 

Together from (cl) to (c5), we have shown that fio G Fix_Ro(/)- Property (Q3) is verified 
in cases (c4) and (c5). To see (Q5), if Z G V,{iJ,o,Ro), then Z is either of case (c2), (c3), or 
Z C f^{X), for some i = 0, . . . ,Lx- In (c2) or (c3), since 

dzi^J■o, Mo) < dz{^J.o, tii) + M3 + 4, 

it follows that (see Remark 14.2.21) 

Z e nino.Ro) =^ Ze Ri). 

Too see (Q4), we use Lemma [2.8.21 on the assumption X <t f^'^{Z) to obtain 

df-i(z){l^o,dX) < Ml. 

Since no contains c — [J^ df^{X) as base curves, we have 

dz(Mo,Aio) = c^/-nz)(/~Vo,/"Vo) 

< c^/-Hz)(/^Vo,/^o) +d/-.(z)(Mo,/"Vo) 

{df-(z){^^aJ^^o)] + d/-.(z)(Mo, 3X) + M3 

<Ar max {d/.(2)(Mo,/A*o)} + Afa 
Therefore, Z ^ r2(^o,i?o)- This concludes (Q4) and the proof. □ 
4.3 Reducing complexity 

In this section, we show how to use Proposition 14.2.11 and Proposition 14.2.31 to construct R and /j, 
for Theorem giUTl 

Proposition 4.3.1 (Reducing complexity). Let f £ A4CQ{S) be of finite order. Let Ri and jii 
he as in Proposition \4.2.'J\ Suppose fl{fii,Ri) ^ 0. There exists Rq, depending only on Rj, and 
fiQ G Fixflo (/) such that 

£.{p-o,Ro) $ ^{t^i,Ri)- 

Proof. From now on, a pair (/i, R) will always mean fi G Fixij(/). 

If 5 G fi(/i7,i?/), then Proposition 14. 2 . II produces (fiQiRo) such that Rq depends only on Rj 
and S i n{fio,Ro), hence £_{no,Ro) < £.{<S) = £.{ni,Ri). 

Now suppose S ^ ft{fj,i,Ri). Choose a maximal element Xi G il(/i/,i?/). This in particular 
means Xi has maximum complexity over all elements of fl(fj,i, Rj). Set 

=XiU---U/^^i(Xi). 
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We will say a domain Z C 5 is supported on S \Ui if Z lies in some component S Note 
that in the case that Xi is not a curve, Z can be a boundary curve of some f^{Xi). Consider 
the maximal complexity of the elements in supported on S \ Ui. If this complexity is 

strictly less than ^(^i), then we stop. If this complexity is not strictly less than £^{Xi), then we 
may choose X2 of maximal order in il{iij,Ri) supported on S\l4i such that ^(-^2) = Set 
Z//2 and C2 as above. In this case, it makes sense to say Ui and Ui are disjoint. Now we repeat 
this process by considering the maximum complexity of the elements in fl(fii,Ri) supported on 
S \ (Ui U W2). Continuing this way, we eventually exhaust 5 by a sequence 

Ul,U2, ■ ■ ■ ,Un 

in the following sense: 

• Each Ui is a disjoint union of subsurfaces of type 

where ^{X,) = ^(Xi), for all i. 

• Ui and Uj are disjoint, for all i ^ j. 

• The maximal complexity of the bad domains in fl(fii,Ri) supported on 

S\iUiU---UUn) 

is strictly less than ^{Xi). 

Note that the exhaustion sequence has length n which is bounded uniformly by a constant 
depending only on S. Denote by 

Since the Ui^s are disjoint, one can apply the proof of Proposition 14.2.31 to them simultaneously to 
construct a pair (/ioi Ro) such that, /io contains ci U • • • U c„ as base curves, Rq depends only on 
Ri, and appropriate analogies to properties (Q3), (Q4), and (Q5) hold for all Ui. In particular, the 
collection of bad domains in r2(/io, Ro) are of the following type. It Z E 0(/io, Rq), then either 

(i) Z intersects some curve in Ci for some i. This is case (c2) in the proof of Proposition 14.2.31 

(ii) Z is supported on 

S\{UiU---UUn). 

This is case (c3) in the proof of Proposition 14.2.31 

(iii) Z C fj[Xi), for some i and j. 

Immediately, case (iii) has £,{Z) < (_{Xi). Recall that for either case (i) or (ii), 

Z(,n{iMo.Ro) ^ zen{fij,Rj). 

Since S is exhausted by assumption, case (ii) also means ^{Z) < ^^(^1). Lastly, suppose Z is of 
case (i). Choose the minimal index i such that Z intersects a curve in In other words, Z is 
supported on 

<S\(iYiU---UW,_i), 

and Z interlocks f^{Xi), for some j. Our choice of Xi has maximal order among the bad domains 
supported on 

5\(iYiU---UW,_i). 

Therefore, if CiZ) = ^(Xi) = ^(Xi), then X, <t f~'{Z) in H{ijlq,^ii). Property (Q5) of Propo- 
sition |4?23] guarantees that such domains do not appear in fl^fio^Ro)- Thus, any Z of case (i) 
must also have ^{Z) < ^{X). □ 



33 



Let Ri be the minimal constant satisfying Lemma 13.1.41 



Corollary 4.3.2 (Termination). There exists R > Ri depending only on S such that any finite 
order f G A4CQ{S) has a fi ^ Fix/j(/) satisfying R) = 0. 

Proof. Let e Fixji^{f). If = 0, then we are done. If not, then applying Proposi- 

tion S^TT] iteratively yields a sequence of pairs (^i, i?i), (^2, ^2), • ■ • such that 

• /^i+i G Fb<.fi.^^{f), where Ri+i depends only on Ri. 

• Ci+i $ 6, where Ci = ^{t^t, Rt)- 

Since corresponds to the maximum complexity over elements in n{fii,Ri), and that ^^'s are 
strictly decreasing, we must eventually reach a pair {fJ,n,Rn) for which ^„ = —2, i.e. r2(/^„, Rn) = 0- 
Moreover, since elements of Ri) come from subsurfaces of S, ^1 < £,{S) = 3g — 3 + b. This 
gives a bound on n < 3(? — 1 + 6, and therefore i?„ depends only on iS. □ 

This concludes the proof of Theorem 14.0.21 

5 L.B.C. property for reducible mapping classes 

In this section, we prove L.B.C. property for (infinite-order) reducible elements of M-CG{S). We 
would like to use an induction argument on subsurfaces. To do so, we make the following observa- 
tion. 

Let / e AiCQ{S) be reducible with canonical reducing system a (see i)2.2.3p . If /i G Mark(iS) is 
a marking containing a as base curves, then so does ffj,. This means that any hierarchy i?(/i, //i) 
decomposes into geodesies supported on component domains of (5, cr). For such a marking /i, we 
can control each component domain independently, allowing the arguments of Theorem 12.2.41 and 
Corollary 14.0.41 to pass through to subsurfaces. This inspires the definition of a good marking 
for / fPefinition 15.0.3^ . We construct a finite collection of good markings and prove Theorem [El 
of the introduction. The induction argument on subsurfaces using good markings appears in 
Proposition 15.0.51 Finally, Corollary 15.0.61 combines the finiteness and the induction argument to 
finish the proof of L.B.C. property for reducible elements of A4CQ{S). 

Definition 5.0.3 (Good marking). Let / G AiCQ{S) be an infinite-order reducible element and 
let (T be its associated canonical reducing system. We say a marking fi G Mark(iS) is a good marking 
for / if cr C base(/i). 

Up to homeomorphisms of S, there are only finitely many multicurves on S. If / G A4CQ(S) is 
reducible and / — uj^^gh, then w((T/) = Gg, where Uf and Cg are canonical reducing system for / 
and g respectively. We fix a representative for each homeomorphism type of a multicurve. Further, 
for each representative multicurve a, we complete a into a finite set of markings representing each 
homeomorphism type of a marking containing a as base curves. Let Ai the collection of all such 
representative markings. The following is Theorem [El of the introduction. 

Theorem 5.0.4. There exists a G A4CQ{S) such that a^^fa has a good marking in A4, and 

dM{p-o,afJ.Q) -< dAiip-o, ffJ-o)- 

Furthermore, if f and g are conjugate, then we may choose the same good marking in Ai for both 
of them. 
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Before proving Theorem 15.0.41 we set up some notations. Fix a multicurve a on S. Let 
Stab((T) < MCQiS) be the subgroup stabiHzing cr as a set: 

Stab(CT) : { e MCg{S) : h{a) = a }. 

The action of Stab (cr) on the complementary components of 5 \ cr induces an exact sequence: 

1 — > Stabo((T) — > Stab(CT) ^ Finite Group — > 1. (27) 

Consider the kernel Stabo (cr) of the above sequence. If / G Stabo (cr), then / acts on each com- 
plementary component Y ^ S\(j. In other words, / defines an element /|y G MCQ^iY) for each 
Y & S\a, where M.CQq{Y) C M.CQ{Y) is the subgroup fixing dY . We have an exact sequence: 

1 ^ ^ Stabo (d) W MCgoiY) 1, (28) 

YeS\a 

where T„ is a free abelian group with basis the Dehn twists along curves in cr. By the classification 
theorem, /|y is either pseudo-Anosov or has finite order. We say an element / G Stabo(CT) is pure if 
/|y is either pseudo-Anosov or the identity on Y . The order of the finite group in (P7|) is bounded 
by a constant N depending only on S. Thus, for any cr and any / G Stab(CT), G Stabo(cr). 
Moreover, since there are only finitely many subsurfaces of S up to homeomorphism, one can 
choose a constant for Lemma 13.1.11 which works for S and all subsurfaces of S. Thus, there exists 
some universal power N = N{S) depending only S, such that for any reducible mapping element 
/ G MCg(S), is pure. 

We can characterize the canonical reducing system for a reducible mapping class as follows. 
Suppose / G Stab(cr). Let g = be pure. Then cr = cry is the canonical reducing system for / if 
for any a G cr, at least one of the following holds. 

(HI) There exists y G iS \ cr such that a is a boundary component of Y and (7|y is pseudo-Anosov 
on Y . 

(H2) There exists a subsurface Z (Z S such that g\z is a non-zero power of a Dehn twist along a. 

To see this, let a G cr be such that condition (HI) does not hold. Then a must bound two (not 
necessarily distinct) components X and y of iS \ cr such that g\x and g\Y are both identity. In 
this case, let Z = X \JY \J a. Then g\z is a non-zero power of Dehn twist along a. Otherwise, the 
first return map of / to Z is of finite order, and one can thus obtain a smaller reducing system for 
/ by removing a, contradicting minimality of cr. Note that this proof also implies that if cr is a 
canonical reducing system for /, then cr is also the canonical reducing system for any power of /. 
Property (H2) implies, for any n G N and any v G C{a), 

d4v,g"{v)) > \n\. 

Compare this with Lemma 12.3.21 Since there are only finitely many domains of S up to homeo- 
morphism, we can choose Nq depending only on S such that the following hold. Let M2 be the 
constant of Lemma l2.6.3l For any multicurve cr and any g G Stabo (ct), let Y be either a component 
of iS \ cr on which g is pseudo-Anosov, or 1" is a curve in a such that property (H2) holds, then for 
any n > Nq and any v G C(F), 

dY{v,g'^{v)) >M2. 

For any g G Stabo(cr), Equation ([2]) has the following consequence. If /i G Mark(iS) is a good 
marking for g, then 

dM{n,gfJ.)^ ^ dMa,Mx){f^,9\xf^) + ^da{n,gfj.), (29) 

XgS\<t aGa 
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where 



cfMark(X)(M,5UAi) := C^Mark(X)(nx(A*),5Unjf(^)) X dMark(X) (A^), (ffA*)) • 

We will say an element g £ Stabo(cr) does not twist along a G ct if for any v e C(ck), 

lim ^^^iM^)) = 0. 

In this case, da{fJ.,gfJ.) -< 1, and one can ignore the second summand on the right hand side of 
Equation ((29)) . 

Proof of Theorem \5. 0.4\ The set M is finite and each conjugacy class of MCG{S) has a good 
marking in A4 by construction. Let 

C — max{ dM{^J■a,^^) ■ E M }. 

Let / G A^CC/(iS) be reducible with with canonical reducing system cr/. Let a be the representative 
multicurve for cr/ and let M{a) C M be the subset of markings containing a as base curves. Set 
p _ jWo^ Lgi; ^ g _;\/( ^j^y curve a G a/ is either a domain for a geodesic in H{^,F^) or is 
a boundary curve of a domain for a geodesic in H(fj,,Ffj,). Let /i' be a marking extension of ct/ 
relative to F/z. Our construction of /i' has the property that, for any domain Y C S, the projection 
of /i' to Y is uniformly close to the geodesic connecting ^ and F/i in C{Y). Since this is true for 
any domain Y , we obtain the following: 

dMip^ti') -< dMii^.F^i) -< dAi{n,f^i). 

Now choose a marking fj," G Al(cr) such that there exist a G MCG{S) with a(/i") = By 
construction, a~^fa has canonical reducing system a~^(cr/) = a GC base(^"). We also have 

dnipo, a^io) < dMipo, a^i") + c^Af (a^": a/^o) < dMipo, tJ-') + G 

< dA/(A*, A^o) + dM{fJ.o, /a^o) + dM{ffJ.o, f p) 
-< dnif^o, ff^o)- 

If g G A4CG{S) is conjugate to /, then a would also be the representative multicurve for ag. Our 
construction produces an element b G A4CQ{S) such that b^^gb has a good marking in A4{a) and 
(ij\/(/io, 6/io) -< f^Af (a^O: ffA^o)- Since any marking in y\4(CT) is a good marking for b^^gb, including 
/i", and 7W(cr) is a finite set, the second statement follows. □ 

Proposition 5.0.5. Suppose f,g £ A4CQ{S) are two conjugate infinite- order reducible mapping 
classes with the same canonical reducing system a. Let fi be a good marking for f and g. Then 
there exist a constant and uj G AdCQ{S) such that uj is a conjugator for f and g, and 

dA/(Ai,a;^) < K^^idMitJ^, f ij) + dMip,g^J.))■ 
Proof. Elements of Stabo((T) are easier to handle, but a conjugator for /" and is not a conjugator 
for / and g. Thus we cannot apply the results of Corollarv l4.0.4l and Theorem 12. 2. 4[ to powers of 
/ and g. We must deal with the issue of permuting subsurfaces in the proof of Proposition 15.0.5] 
Fix a finite collection V C Stab((T) such that tt{V) in the exact sequence (P7)) is onto. Let 

P — max{ dniif^, afj.) : a eV }. 
Choose a G ■P such that / and g' — aga^^ have the following properties: 
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(i) 7T{f) = n{g'). 

(ii) For any X £ S \ (7, the first return map to X of / and g' are conjugate. 

If the proposition holds for / and g' , say, there exist and uj G MCQ{S) such that fu! — tog' 
and 

then ua and + 2PK^ + P verify the proposition for / and g. Clearly, cua is a conjugator for / 
and g. It remains to check: 

< dMip., t^A^) + c^Af (^7 flA^) 
K^_,{dM{ti, flj) + dMii^.aga^^^i)) + P 

< Kf,{dM{l^, f^^) + dM{l^,9l^) + 2P) + P. 

Thus, we may assume / and g already satisfy properties (i) and (ii) above. We will find a conjugator 
w G Stabo(cr) for / and g. To do this, we will use properties (i) and (ii) and the induction hypothesis 
to build a conjugating element uy G MCGo{Y) for each complementary component Y G S \ cr. 
Then we will choose an appropriate lift w G Stabo(F). 

Decompose the complementary components of 5 \ ct into orbits under the action /. Pick a 
representative from each orbit. Let Xi be one such representative and consider the sequence of 
distinct complementary subsurfaces of 5 \ a 

Xl , X2 , . • ■ , Xn 

such that f{Xi) = Xi+i and g{Xi) = X^+i, for i = 1, . . . , n and Xn+i — Xi. Note that n < N^. Set 
ft = f\xi ■ Xi — > Xi+i, and similarly for gi. Set the first return maps F — G MCQ{Xi) 

and G = g"^^\xi e MCQ{Xi). The assumption is that F and G are conjugate in MCQ{Xi). By 
Theorem l2.2.2l F and G are either pseudo-Anosov or have finite order on Xi. Letting I'l = Hxi (a*) 
be the induced marking on Xi , it follows from results of Corollary 14.0.41 and Theorem 12.2.41 that 
there exist uji G A4CQo{Xi) and Ki = Ki{i'i, Xi) such that Fuii = ujiG, and 

(^1 (i^i^Gi^,)) 

-< Kl{dM{^^,F^i)+dM{^^,G^l)) (By ©) 

-< Ki {dM in, /"a*) + dM (Ai, .9"a*)) 

^ Ki{dM{f^, ffj.) + dM{^J.,g^J.)) 

Using / and g, we construct for each Xi an element iOi G MCQo{Xi) such that /iWi = iOi^igi, for 
i = 1, . . . n and n + 1 = 1. The element wi G A^CC?o(-'^i) is defined. For each i = 1, . . . n, set 

Wi+i ^ fi--- /iwigf ^ • • • .9^"^ 

In particular, = FluiG^^ = uji. Let i^^ = nxi(/i). We have 

= dMa.r\i(Xi){vi, r\xi^ig~''\XiVi) 
= dMa.r\i(Xi){f^''\x,Vi,UJig~''\xiVi) 

< dMa.MXl){f^^\x^V^ll^l) + dMar\^(Xi){l^l,^l9^''\x^l^^) 
= t^Mark(Xi ){f^''\x,Vi,Vi) + dMark(Xi ) {^l ^ l^l, 9^''\XiVi) 

< '^Mark(Xi)(/^*|x,l'i, i^l) + C^Mark(Xi ) ('^f ^ '^l ' '^l ) + ^^MarkCXi) (^^1 , 5^ '^J ) 
dA,f(A*,/V) + dM{fJ.,9'fJ.) +dMark(Xi)('^l,WiI/i) 

Ki{dM{t^, /a^) + dM{fJ.,gfJ.)) 
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We do this for each orbit of complementary subsurfaces in 5 \ ct, building for each Y E S \ a 
an element tdy G -MCQoiY). Consider any element uj G Stabo(cr) such that uj\y = wy. Since 
twisting commute, any lo will satisfy fuj = ujg by construction. Thus, we can choose a lift w which 
does not twist along any curves in cr. Let {Ki} be the constants associated to each orbit and let 

= max{Ki}. Using previous work and Equation (j29p . we obtain 

XeS\a- aea- 

^ ^ (dM (m, /A^) + dM (m, 

xes\a 

^ K^(dM{f^,ffJ.) +dM{fJ;9fJ-))- □ 

Corollary 5.0.6 (L.B.C. property for reducible mapping classes). If f,g G A4CQ{S) are conjugate 
reducible mapping classes of infinite order, then there is a conjugating element to G M.CQ{S) with 

\^\ < I/I + \9\- 

Proof. Let Ad be the set of representative markings and let C be the constant bounding the 
diameter of M.. Let K be the constant depending only on S defined by 

K = max{ : /x G 7W }, 

where is the constant associated to ^ in Proposition 15.0.51 Suppose /i and /2 are conjugate 
reducible mapping classes of infinite order. Let ai and 02 be such that aifia~^ = gi have a good 
marking /i G AA, and satisfying dMiti^OTCLi^Q) -< (iA/(MO: /iMo)- Then each 

dA/(Aio,5iMo) < 2dMino,aiHo) + ^Af (a*o, /iMo) -< ^Af (a*o, /iMo)- 
By Proposition 15.0.51 there exists u! G AiCQ{S) such that giuj — ujg2, and 

< K{dM{p.,giy) + c^A^(A^,g2A^))■ 
Hence, by the triangle inequality, 

rfAf(Mo,^^A*o) < dM{fJ.O,l^) + dM{l^,i^l^) + dM{i^l^,^l^o) 

< 2C + KdM{p,gin) + dAf(A*,32M)) 

< 2C + K {4C + dMi^J■o, gilJ'o) + rfA/(Mo,52Mo)) 
^ c?A/(Aio,.9iA*o) + dAiit^o, 92^1-0) 

Set oj' = ai^uja2. Then cj' is a conjugator for /i and /2, and 

rfA/(Mo,'^Vo) < c^A/(A*o,aiAio) + ^mIa^o, ^^Mo) + ^Af (mo, 02^0) 

dMino, /iMo) + rfAf(Mo, /2Mo)- □ 
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